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Lay Abstract

In model theory, we study mathematical structures in relation to what we allow to
be expressible in their languages. This follows the motto ”If you talk about less,
you can show more meaningful results.” In this thesis, we study how fields like the
real and complex numbers change when we introduce generalizations of distance or
differentiation to the language. We show that in many cases, the resulting structures
remain well behaved, but in special cases, this can fail. Further, we show that the
Klein-j-function, a prominent object of study in number theory, is not expressible
in the structure of the real field with the exponential function and a pfaffian chain,
which is a list of solutions to successive order one differential equations. This gives
an indication that we need a different approach to address certain number theoretic

problems with the tools of model theory.
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Abstract

We study the model theoretic expansions of certain fields by valuations, derivations,
and pfaffian chains. In particular, we show that o-minimal expansions of real fields,
equipped with a T-convex valuation and a monomial group of representatives, are
well behaved if and only if an exponential function is not definable. Similarly, we
show that differential expansions of éz-fields by a generic derivation are the same
as taking the differentially large expansion. Further, we show that these expansions
preserve certain model theoretic tameness properties, including NTP,. Further, we
study the field extensions of the real exponential field by a pfaffian chain (a set of
solutions to a triangular system of order one differential equations) and show that
a real restriction of the Klein j-function is not Rey,-definable, indicating that these

extensions are insufficient for certain applications in number theory.
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Chapter 1

Introduction

In the study of model theory, it is a common theme to ask the two questions ”How
far can I expand a given structure, without it losing tameness?” and "Is it possible to
answer a specific question in a given structure?” Throughout this thesis, we aim to
answer both of these questions in three connected but distinct areas of model theory.

The first area we tackle is in the study of T-convex valued fields. These are
expansions of o-minimal fields with a theory T equipped with a compatible convex
valuation ring. They were first studied by van den Dries and Lewenberg [vdDL95]
and later expanded by van den Dries in [vdD97]. These valued fields are prototypical
models of asymptotic fields, as the valuation can be arranged to mirror the Landau
notation of Big O and little o for asymptotic growth. For o-minimal structures,
Miller’s dichotomy says that either an exponential function is definable, or every
function is eventually bounded by a power function. Following this spirit, van den
Dries and Lewenberg established multiple structural results mirroring classical results
in the study of valued fields for power bounded valued fields, like relative quantifier

elimination. However, in the exponential case, similarly strong results have not been
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established.

In Chapter 4, we expand on this in joint work with Elliot Kaplan, by adding a
monomial group to the T-convex expansions of o-minimal fields. A monomial group
I is a subgroup of the positive multiplicative group R of the valued field, on which
the restriction of the valuation is a group isomorphism. Adding a monomial group
is oftentimes necessary or aids in the process of establishing a quantifier elimination
result. In the case that T is power bounded, we show that the T-convex valued field
with a compatible monomial group enjoys almost the same tameness properties as
our original field R, see Theorems 4.2.5 for quantifier elimination, Theorem 4.2.11 for
a characterization of one-dimensional definable sets and Theorems 4.2.13 and 4.2.12
for NIP and distality. In contrast, if T" defines an exponential function, then N is
externally definable in any model of T" with a monomial group that is compatible with
the exponential, see Corollary 4.2.16. This, of course, indicates that the expansion
in the exponential case is not tame in any meaningful way. This is strong evidence
that the lack of tameness results for exponential T-convex valued fields without a
monomial group might be due to a lack of tameness.

The second area of study, cotinues with the theme of o-minimal structures and
their expansions. Expansions of o-minimal structures by pfaffian chains have been an
intense subject of study. Based on the ideas of Khovanskii [Kho91], model theorists
have been studying expansions of o-minimal structures by pfaffian chains and, more
generally, Rolle leaves. Pfaffian chains of functions are defined as solutions of order 1
differential equations, see definition 5.2.1 and [Kho91, Section 2.3]. In contrast, the
general theory of Khovanskii is captured by the study of nested Rolle leaves [LS10],

which are geometrically more involved and in particular, capture the notion of pfaffian
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chains. Since the inception of these two notions, it has been an open question whether
they are equivalent (and in what sense).

In Chapter 5, we approach this question using the modular j-function. It has been
commonly known that the inverse of the j-function is pfaffian [Arm20]. Freitag showed
in [Fre21] that the j-function does not belong to a pfaffian chain over the complex
numbers. In contrast, systems of nested Rolle leaves are known to be closed under
inverse functions, showing that the graph of j belongs to a nested Rolle leaf, indicating
a gap between the notions of nested Rolle leaves and pfaffian chains. Following this
impetus, we show that the real-valued restriction j(ix) to the imaginary axis of the
J function does not belong to a pfaffian chain over the real exponential field Reyp,
see Theorem 5.2.16. This shows that these notions of pfaffian chain and nested Rolle
leaves do not agree even in this first-order definable setting over Reyp,.

Another motivation for the study of the j function relates to the study of one of
the most significant applications of o-minimality to unlikely intersection problems,
largely motivated by questions in diophantine geometry. These involve applying the
Pila-Wilkie point counting theorem [PWO06], in various o-minimal structures, in order
to estimate the number of solutions of various systems of equations. One particular
application is Pilas’ proof of the Andre-Oort conjecture [Pill1], involving the modular
j-function. The proof used the o-minimal structure R, exp, which contains both exp
and a restriction of the modular j-function used to classify elliptic curves. Wilkie
conjectured, and Binyamini, Novikov and Zak [BNZ24] later proved, that certain
o-minimal expansions, like Ry, or expansions of the reals by restricted R-pfaffian
chains, admit point counting results with improved bounds. In particular, the non-

pfaffian result of j for Rey, Theorem 5.2.16 indicates that the method for Ry, does
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not translate for the unrestricted real j-function.

For the third area, we turn our attention towards the extension of fields K by
derivations ¢. In particular, we ask the question of when these resulting differential
fields are tame. Heuristically, the model theory of a tame differential field (K ¢)
should be determined by the model theory of K, as long as ¢ is suitably generic. To
verify this, in joint work with Elliot Kaplan, we compare the frameworks of generic
derivations on algebraically bounded fields introduced in [FT24] and differentially
large fields introduced in [LST24|, which serve as a differential analogue to large
fields introduced by Pop [Popl4]. In the process, we show that these two notions
coincide on éz-fields introduced in [WY23]. Beyond that, we are concerned with the
extent to which any tameness properties translate from the underlying field K to
the differential field extension (K,0). Many common model theoretic properties have
been shown to hold after adding a generic derivation, including quantifier elimination,
stability, NIP and simplicity (see Fact 6.4.1 for more). We add to this list by showing
that an algebraically bounded NTP, structure K remains N'TP, after expanding by
a generic derivation, and similarly for structures avoiding the antichain tree property
introduced by [AKL23], using the NTP5 proof as a blueprint. We expect the proof

technique to generalize to further properties based on an inconsistency pattern.

1.1 Overview of results

In Chapters 2 and 3, we give an overview of relevant results in the realms of stability
theory, neo-stability and o-minimality relevant to our work and introduce the theory
of differentially closed fields.

In Chapter 4, we present joint work with Elliot Kaplan in [KK24] on T-convex
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expansions of o-minimal fields with a monomial group, where T is the theory of R.
We show, following the spirit of Miller’s Dichotomy 3.2.3, a dichotomy for these ex-
pansions. If T is power bounded and as such does not define an exponential function,
then the T-convex valued field with a compatible monomial group enjoys almost the
same tameness properties as our original field R. If, however, T" does define an expo-
nential function, then N is externally definable in any model of T" with a monomial
group that is compatible with the exponential. This, of course, indicates that the
expansion in the exponential case is not tame in any meaningful way.

In Chapter 5, we study the definability of the j-function over R- and Rexp-pfaffian
chains, building on Freitags argument for C-pfaffian chains in [Fre21]. We show that
a suitable real-imaged slice of j, called j is not definable over either of these types
of pfaffian chains. As the proof relies on the strong minimality of the differential
equation of 7, we give an account of Scanlon’s and Freitag’s proof of this fact from
[F'S18].

In Chapter 6, we again present joint work with Elliot Kaplan [KK26|, on a com-
parison between the frameworks of generic derivations on algebraically bounded fields
and differentially large fields. In the process, we show that these two notions coincide
on éz-fields. Further, we show that an algebraically bounded N'TPj structure remains

NTP, after expanding by a generic derivation.
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Chapter 2

Stability and Neo-Stability

Before we truly begin, we first need to introduce some concepts from the realm of
model theory, in particular, stability theory and the further development into neo-
stability theory. We will first give a brief description of stability, forking and the
U-rank, and introduce the theory of differentially closed fields in characteristic 0 as
our main example.

For this section, we will be working in a many-sorted language £, a theory 7', and

an ambient monster model U = T'.

2.1 Stability

For a full introduction to stability theory, we recommend [Pil96] for more details.
Instead, we aim to cover the definitions that might go beyond a first course in model

theory.

Definition 2.1.1. T is stable if there is no infinite set {a; : i € N} ¢4 and a formula
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¢(z,y) such that

UE ¢(a;,a;) = i<].

Notable examples of stable theories are algebraically closed fields (ACF), see
[IMMPO05], and separably closed fields (SCF), see [Woo79].
In particular, we will be focusing on the theory of differentially closed fields of

characteristic 0.

Example 2.1.2. A derivation on a field K is a K-additive map ¢ : K — K that
satisfies Leibniz’s law, i.e. for a,b e K we have that 6(ab) = ad(b) + 6(a)b. The pair
(K,0) is called a differential field, and the set C' = {a € K|d(a) =0} is called the field
of constants. We usually consider differential fields in the language L5 = Lying U {J}.

The theories of differential fields in characteristic 0 have a model companion called

DCFy, the theory of differentially closed fields, see [MMPO05].

Within stable structures, there is a canonical notion of saying “A is independent

of B over C”, called forking, which is defined as follows:

Definition 2.1.3. We say a formula ¢(z,a) divides over a set C' if there exists a C-
indiscernible sequence ay, as, ... of realizations of tp(a/C') such that {¢(z,a;) :i € N}
is inconsistent. Similarly, a formula ¢(x,a) forks over a set C' if it implies a finite
disjunction Vj_; 1;(z,b;) of formulas with parameters b; from U, with each 1;(z,b;)
dividing over C. A partial type p(z) forks (or divides) over C' if some formula in it
forks (or divides) over C.
We then define
ALl B

to mean that tp(a/BC') does not fork over C for every finite tuple a from A.

9
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Using forking, we can define the following rank on types:

Definition 2.1.4. Let p be a n-type over some set A. We define the U-rank as

follows:
° U(p) >0
e If ) is a limit ordinal then U(p) > A, if U(p) > « for all a < .

o If a=p+1, wesay U(p) > a, if there is a forking extension ¢ of p that satisfies
Uq) 2 5.

We say U(p) = « if and only if U(p) > a but not U(p) > a+ 1. If U(p) > « for all

ordinals «, then we write U(p) = oo.
In DCFy, the situation is as follows:

Fact 2.1.5 ([MMP96]). Given a set AcU, let acls(A) be the algebraic closure of the
differential field generated by A, i.e. the model theoretic algebraic closure in Ls. If @
is a tuple, let trdeg(a/A) be the transcendence degree of @ over the (usual) algebraic

closure acl(A). Here, the following holds:
A |l B & Vaeacls(AC), trdeg(a/ acls(C)) = trdeg(a/ acls( BC))

This notion of forking coincides with the standard notion of forking in DCFy, see
[IMMP96].

Furthermore, we need to introduce:

Definition 2.1.6. In a stable theory with elimination of imaginaries, such as DC'Fy,

10
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a canonical base cb(p) of a type p(z) = tp(a/B) is a set C, such that for all automor-

phisms o of the monster model & we have:

o fixes p(z) < o fixes C' pointwise

Definition 2.1.7. A set A defined by a formula ¢ is strongly minimal if every defin-
able subset of A is either finite or cofinite. Further, a theory T is strongly minimal if

the formula z = x is strongly minimal.

Equivalently, this is the same as saying that the U-rank of the partial type {¢} is

Definition 2.1.8. A theory is w-stable if the U-rank for every partial type is finite.

Fact 2.1.9 ([TZ, Corollary 6.4.7]). DCFy is w-stable, so in particular DCFy is su-

perstable and stable.

Definition 2.1.10. In a stable theory with elimination of imaginaries, a type tp(a/A)
is called stationary if it has only one unique non-forking extension for each B 2 A.
This is in particular the case if A =aclz(A). A Morley sequence in a stationary type
p is any indiscernible sequence (a;);<x, k an ordinal, such that each a; is a realisation

of the unique non-forking extension over {a;:j <i}.
The following fact is often referred to as the Shelah reflection principle.

Fact 2.1.11 ([Pil96, Lemma 2.28/3.19]). In a stable theory T, let p(x) be a stationary
type and (a; i <w) be a Morely sequence in p(x). Then the canonical base Cb(p) <

del(a; -i<w). If T is superstable then there is n < w such that Cb(p) € del(a; :i<n).

11
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2.2 Neo Stability

Outside the realms of stability, we occasionally can find sets that are behaving in a

stable way. Let R =T

Definition 2.2.1. A definable set D in R is stably embedded if every R-definable
subset of D", for any n, is D-definable. In the case that D is a sort, we say that
D is purely stably embedded if the induced structure on D is already given by the

restriction of £ to D.

Note that in stable theories, every definable set is stably embedded, as a conse-

quence of the definability of types in stable theories [Pil96, Lemma 2.2].

Definition 2.2.2. For a theory T', two sorts P and (), having tuples of variables x
and y respectively, are orthogonal if any formula ¢(x,y) is equivalent to a boolean

combination of multiple formulas of the form v (z) and 6(y).

Definition 2.2.3. A formula ¢(z,y) has IP (the independence property) if there is
an infinite Set A of |x|-tuples that is shattered by ¢(x,y), i.e. we can find a family

(br: I € A) of |y|-tuples such that
UEe ¢(a,by) < acl, forall ain A.

A formula is NIP if it doesn’t have IP. A theory is NIP if every formula is NIP.

Distality was introduced by Pierre Simon in [Sim13], which captures an order-like

behaviour within NIP theories.

Definition 2.2.4. A NIP theory T is called distal if for every indiscernible sequence

(a;)ier and any parameter set A such that

12
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e [ can be split into I =I1 +c+ Iy (ie. 1 <e<Iyand I =1 u{c}uly), where I

and Iy are infinite and without endpoints and

e if (a;)icr,+1, is A-indiscernible, then the entire sequence (a;);c; is A-indiscernible

as well.

Noteable examples of such theories are all o-minimal theories, Presburger arith-
metic (Z,0,1,+,<), the theory of the p-adics Q, as a valued field [DGL11] and the
transseries T [AvdHVdD17].

Definition 2.2.5. We say a theory 7' is strongly dependent if there are no formulas
¢i(z,y) and parameters a;; with 4,j < w such that for every f : w — w the type
{¢i(x,a; 74y i < w} is consistent, but {¢;(x,a;; : j < w} is k-inconsistent for some

k e N, see [Pil13b] for more details.

2.2.1 NTP,

Definition 2.2.6. A formula ¢(z,y), in tuples x and y, has the tree property of the
second kind (TPy) if there is an array of tuples (a; ;)i j<. of length |y| and a k € N

such that:
1. The partial type {¢(z,a;;)} < is k-inconsistent for all 4.
2. The partial type {¢(z,a; sy <w} is consistent for all functions f:w — w.

A theory T has TPs if some formula has TP,, and T" has NTPs if it does not have
TP,.

First we have the following consequence of [Chel4, Corollary 2.9 and Lemma 3.2]:

13
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Fact 2.2.7. IfT is TPs, then there is a formula ¢(x,y) with x being a single variable

witnessing it.

Fact 2.2.8 ([CH14, Definition 3.1 and Lemma 3.9]). We say that (c;;) for a

1,J€R
cardinal K is a strongly indiscernible array if ¢; = (cij)j% is indiscernible over (¢;)ix;
for alli and (C;),.,. is an indiscernible sequence (of sequences). In any theory, ¢(x,y)

has TPy if and only if there is such a strongly indiscernible array (as;), .. witnessing

,JEw

it and c = {¢ (x, ai0) },.,, such that the sequence of rows (@;),.,, is indiscernible over c.

€W

2.2.2 NATP

Another inconsistency pattern like TP is the antichain tree property. For this, we
first introduce some notation.

On branches of finite length on the infinite binary tree n,v € 2<% we define
e 7 < v for 1 being a strict truncation of v and

e 1"v for the concatenation of 1 and v. Furthermore given A ¢ 2<% we define

nA={nv:veA}

Following [AKL23, Definition 2.4], we say that a tree (a,) for cardinals k and A is

NERSA?

strongly indiscernible if the type of tuples tp (a5) = tp (az) for all qftp,(7) = aftp,(7)
in the language Lo := {<, <jez, A} of ordered meet trees. Further, (b,), ., is strongly

locally based on (an)77 if for all tuples 77 and a finite set of L-formulas A, there is

€ER<A

¥ such that qftpy(7) = aftp,(¥) and by =a @y

Fact 2.2.9 ([AKL23, Fact 2.5]). Let a tree-indexed set (ay,) be given. Then there

new<w

is a strongly indiscernible (b)) which is strongly locally based on (a,)

new(w n€w<w .

14
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This statement is called the modelling property of strong indiscernibility, and is

one of the key ingredients for the analogous result for the property below.

Definition 2.2.10. A formula ¢(z,y) in tuples = and y has the k-antichain tree
property (k-ATP or just ATP) for some k € N if there exists a tree indexed set of

tuples (ay)nea< of length |y| such that:
1. The partial type {¢(z,ay)}yec is k-inconsistent whenever C' is a <-chain.
2. The partial type {¢(x,a,:n e A} is consistent for any antichain A ¢ 2<v,

A theory T has ATP if there is a formula having ATP and T is NATP is T is not
ATP.

First note that the distinction between k-ATP and ATP is unnecessary, similar to

the TPs-case.

Fact 2.2.11 ([AKL23, Lemma 3.20]). A complete theory T has k-ATP for some k > 2
if and only if T has ATP.

In the same way, there is also a 1-variable theorem:

Fact 2.2.12 ([AKL23, Theorem 3.17]). If there exists a witness of ATP, then there

exists a witness of ATP in a single free variable.

Note that ATP already implies TPy and SOP, see [AK24, Propositions 2.4 and

2,6, so most commonly studied structures in model theory have NATP.

15
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Chapter 3

O-minimal basics

In this chapter, we will give an overview of the foundational results in the study of
o-minimal structures. We first give a Definition, Examples, and introduce the rank of
an o-minimal structure. Then in Section 3.1, we introduce the concept of o-minimal
cell decomposition, and its analytic counterpart. Lastly, in Section 3.2, we introduce
Miller’s dichotomy between being a structure able to define an exponential function
or being power bounded.

Let £ 2 {<} be a language containing a binary relation < and let R be an £-
structure expanding the theory of a dense linear order without endpoints on the base
set R. If all of the £-definable subsets of R are finite unions of intervals and points,
then R is called an o-minimal structure. Let T" be a theory extending the theory
of dense linear orders without endpoints. 7' is called an o-minimal theory, if every
model of T is o-minimal. Throughout this thesis, we are working with o-minimal
theories extending the theory of real closed ordered fields and expanding the language
of ordered rings L,ing = {0,1,+,—,-, <}, and o-minimal structures R expanding on

underlying fields R.

16
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Remark 3.0.1. We note that an o-minimal theories expanding a dense ordered
abelian group with one nmon-zero constant symbol has definable choice, meaning that
for every formula ¢(x,y) there is a function f(y) such that whenever R e T, beR,
and ¢(R,b) is non-empty, then f(b) € p(R,b), further, f(b) depends only on ¢(R,b),
hence if p(R,b) = (R, V'), then f(b) = f(V).

Oftentimes, we will use this fact to pass to the Skolemisation of T, by extending
and closing the language L by all choice functions f as above. This has the advan-
tage that T in the extended language has quantifier elimination without changing the

definable sets, as all added functions were definable in the first place.

Example 3.0.2. Besides this general setting above, we will refer to the following

o-minimal structures throughout this thesis:

1. R is the o-minimal structure of real numbers R in the language Lo—ring, sce

[TM51].
2. Reyp is the expansion of R by the exponential function exp : R - R, see [Wil96].

3. Rgy is the expansion of R by restricted analytic functions, meaning that Lo—ring
is expanded by a function symbol f for each n € N and each analytic function

f:10,1]" - R, see [vdDMM94].
4. R exp 1s the expansion of R,, by the exponential function, also see [DvdD88] .

In particular, we note:

Fact 3.0.3 ([Wil96]). Rex, is model complete, i.e., every first-order definable set is

equivalent to a projection of a quantifier-free definable set.

Furthermore, o-minimal structures allow for a dimension theory.

17
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Definition 3.0.4. Let S be an extension of R of o-minimal structures in the language
L. Then the rank rk;(S | R) of S over R is defined as the minimal cardinality of a
set of generators of S over R. We denote for a tuple ¢ we denote by & = R{c), that S

is the o-minimal structure generated by taking the definable closure of cuR.

3.1 Cell decomposition

Definition 3.1.1. A cell C is a definable subset of R¥, which is constructed induc-

tively as follows:
1. Singletons and open intervals are cells.

2. Given acell C' c R, if f,g: C' - R are definable continuous functions such that

f<gon C, then

(f:9) ={(z,r) e Cx R: f(x) <r<g(x)},
(—oo, f):={(z,r) e Cx R:r< f(x)},
(f,+00) :={(z,r) e Cx R: f(z) <r}

are cells in R™*!, and the graph I'; of f is a cell in R™.

Fact 3.1.2 ([KPS86)). Let Ay,..., A, be definable subsets of R™. Then there exists
a partition of R™ into finitely many cells C; partitioning the A;, meaning that for all
i,7 either C; € A; or C;nA; =@,

Furthermore, for each definable function f : A - R with A € R™, there is a
partition of R™ into finitely many cells C; partitioning A such that the restriction

fic, : Ci = R for each C; ¢ A is continuous.
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There are stronger versions of the cell decomposition theorem, which require the
cells to be given by k-times differentiable functions, rather than continuous functions;
see [VAD98, Section 7.3]. In the context of certain expansions of R by analytic
functions, there exists an even stronger version of the cell decomposition theorem
that preserves analytic properties, see [vdDM94, Section 8]. We will only require the

version applicable to Reyp,.
Definition 3.1.3. Over Ry, we define an analytic cell inductively:

1. Singletons and open intervals are analytic cells.

2. Let an analytic cell C' € R™ be given and let f,g:C - R be definable functions
with an open neighbourhood U of C' in R™ and real analytic functions F,G :
U — R with Fjc = f and Gc=g. If f<gon C, then

(f,9) ={(z,r) e CxR: f(x) <r<g(z)},
(mo0, ) = {(,1) € Cx Riv < f(a)},
(f,+00):={(x,r) e CxR: f(x)<r}

are analytic cells in R™*!, and the graph I'y of f is also an analytic cell in R".

Fact 3.1.4 (Analytic cell decomposition for Rey, [vdDM94, Theorem 8.8]). Let Ay, ..., A,
be definable subsets of R™. Then there exists a partition of R™ into finitely many an-
alytic cells C; partitioning the A; as above.

Furthermore, for each definable function f: A — R with A < R™, there is a parti-
tion of R™ into finitely many analytic cells C; partitioning A such that the restriction

fic, : Ci = R for each C; ¢ A is given by a real analytic function on a neighbourhood
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3.2 Miller’s Dichotomy

In [Mil94], Miller showed that in an o-minimal expansion R of R, either the real
exponential function exp : R — R is definable or for every definable function f: R - R
there exists an n € N and a € R such that f < 2" on (a, c0). In the latter situation, we
say that R is polynomially bounded. In [Mil96], Miller further generalized this result

to arbitrary o-minimal structures expanding a real closed field.

Definition 3.2.1. A power function is an L(R)-definable endomorphism of the or-

dered multiplicative group R>:={x e R:x >0}.

Each power function f can be thought of as the function z — z*, where X := /(1) €
R. The collection A of all such A is a subfield of R, called the field of exponents of
R. We say an o-minimal expansion R is powerbounded if every definable function is
eventually bounded by a power function. By [Wil96, Proposition 4.2 and 4.6] in a
power bounded R every power function is £(@)-definable. Every model of T" is power
bounded with the same field of exponents A as R. We then call T' power bounded,

and A the field of exponents of T'.

Definition 3.2.2. An exponential function is an ordered group isomorphism exp :

(R7 +) e (R>7 )
Fact 3.2.3 ([Mil96]). Either R is power bounded or R defines an exponential function.

By [Wil96, Section 2], if R defines an exponential function exp, then exp is £(@)-
definable.
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Chapter 4

T-convexity and monomial groups

The concept of T-convex valuations was first studied by van den Dries and Lewen-
berg in [vdDL95]; it is a way to turn an o-minimal structure with theory 7" into a
valued field that is compatible with the o-minimal structure. This chapter presents
the collaborative work with Elliot Kaplan in [Kap23] on expansions of 7-convex val-
ued fields by a monomial group. In Section 4.1, we introduce the notion of T-convex
valuations and present fundamental results in the study of power-bounded T-convex
valued fields like the Wilkie inequality 4.1.5. Following this, we introduce the mono-
mial group as a section of the valuation map in Section 4.2 and explore the structure
theory of the power bounded T-convex valued fields with a monomial group. In
particular, we establish a relative quantifier elimination result and various tameness
properties. Section 4.2.2 concludes the chapter, where we establish that the theory of
an exponential T-convex valued fields with a monomial group is not tame, by defining

N in an archimedean model.
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4.1 T-convex valuations on o-minimal structures

Let T be a complete o-minimal theory, extending the theory of real closed ordered

fields in a language £ 2 L,;5,. Let R be a model of T,

Definition 4.1.1 ([vdDL95]). A proper T-convex subring is a proper convex subset
O c R which is closed under all £(@)-definable continuous functions f: R — R. Let
Lo :=LU{0O} and let Tp be the Lo-theory which extends T by axioms stating that

O is a proper T-convex subring.

Let (R,0) E Tp. Then O is a convex subring of R (hence a valuation ring), and
(R,0) is a convexly valued ordered field. As each element of the prime model P is
L(2)-definable, we always have P ¢ O. We let I' := R*/O* denote the value group
of (R,0), written additively, and we let v : R* - I" denote the surjective valuation
map. If T"is power bounded with field of exponents A, then I' has the structure of
an ordered A-vector space, where \-v(a) :=v(a*) for A € A and a € R*, see [vdD97,

Theorem B].

Fact 4.1.2 ([vdD97, Theorem 4.4]). In the power bounded case, T" is stably embedded

as an ordered A-vector space in the language {{\x : ' > '} s, 0, +,<}.

We write o for the unique maximal ideal of O, and we let k := O/o denote the
residue field of (R,0). We let w: O — k be the corresponding residue map; then
is order-preserving as O is convex. The residue field k, considered with its induced
structure, is a model of T; see [vdDL95, Remark 2.16] and [Yinl7, Remark 2.3].
Moreover, k is stably embedded as a model of T' [vdD97, Corollary 1.13].
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4.1.1 Power bounded structures

For a set A ¢ R, the downward closure is given as A' := {z € R: z < a for some a € A}.
We say the cut of A' in R is realized by an element satisfying the partial type
p(x)={zx>a:aeA}u{r<c:c¢ A}

Fact 4.1.3 ([vdDL95, Remark 3.8]). Let (R,Ox) E To and let S be a simple T-
extension of R, i.e. generated by a single element. There are at most two T-convex

valuation rings O1 and Oy of S which make S a Tp-extension of R:

Op:={yeS:|yl<u for someueOr}, Os:={yeS:|yl<d foralldeR withd>Or}

If the cut (’)%2 is realized by be S, then b belongs to Oy but not O, so O1 ¢ Os. If no

element in S realizes the cut O%, then O; = O,.

Fact 4.1.4 ([Kap23, Corollary 1.2]). Let (R,Or) = To and let (S,0s) be a simple
To-extension of (R,0Ox). If T's =Tr, then
Os={yeS:|yl<d for allde R with d>Ogr} = O,

If ks = kg, then

Os={yeS:|yl<u for some ueOr} =0

Fact 4.1.5 (The Wilkie Inequality [vdD97], Section 5). Suppose that T is power
bounded with field of exponents A. Let (R,0x) E To, let (S,0s) be a To-extension
of (R,0Ox), and suppose that vk (S |R) is finite. Then
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I‘kE(S | R) 2 I‘kﬁ (ks | kR) + dlmA (FS/FR) ,
where dimy is the A-vector space dimension.

Fact 4.1.6 ([Kap23, Corollary 1.4]). Suppose that T is power bounded, let (R,Og)
ETo, and let (S,0s) be a simple To- extension of (R,Or). Then either ks = kg or
I's=Tx.

Of course, it may be the case that for an extension (R,Or) < (S,0s) E T, we
have that both ks = kx and I's = I'g. In this case, (S, Os) is said to be an immediate
extension of (R, Og).

Let (a,) be a well-indexed sequence of elements of R, i.e. p ranges over all ordinals
less than A for some limit ordinal A\. We say that (a,) is pseudocauchy if there is an

index po such that

v(a; —ay,) >v(a, —a,)

for all py < p <o <7< A An element a in some Ty extension of R is called a

pseudolimit of (a,) if there is an index py such that

v(a-a,)>v(a—-a,)

for all pg < p <o <A If (§,0s) is an immediate extension of (R,Og), then for
any a € S\R, there is a pseudocauchy sequence (a,) in R with pseudolimit a and with

no pseudolimits in R; see [Kap42].
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4.2 Expansions by a Monomial Group

The results in this section are part of a joint research project with Elliot Kaplan and

were published in [KK24].

Definition 4.2.1. Let (R,0) & Tp. A section of v is a group homomorphism s :
[' > R* such that v o s is the identity on I'. A monomial group for (R,0) is a

multiplicative subgroup 99t ¢ R* with v : 91 — " being a group isomorphism.

Let s be a section of v. Then the image s(I") is a monomial group. Conversely,
if 90 is a monomial group, then (v|m)™" is a section of v. Any monomial group is

necessarily a subgroup of R>, as R is real closed and I is divisible.
Definition 4.2.2. We say that a monomial group 9t ¢ R>is T-compatible if either
e T is power bounded and 9 is closed under all power functions, or

e T defines an exponential function exp and 2> := {m € M : m > 1} is closed

under exp.

We say that a section s of v is T-compatible if the corresponding monomial group
s(I') is T-compatible. If s :I' - R> is T-compatible and 7" is power bounded with

field of exponents A, then s is an ordered A-vector space embedding.

Fact 4.2.3 ([Kap23, Lemma 1.5]). Any model (R,0) & To admits a T-compatible

monomial group M.

Definition 4.2.4. Let Loy := Lo U {M}, and let Tyy be the Lop-theory which extends
To by axioms stating that 2t is a T-compatible monomial group. Furthermore, for

the sake of proving quantifier elimination, we will first be considering the three-sorted
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language with Ly s consisting of an L-sort for R and the residue field £ each, a sort
for the value group I', as well as the residue map 7 : R — k, the valuation v: R - T’
and a section s of the valuation. Similarly, £, is the expansion of £ by just the

section.

4.2.1 The power bounded case

In the following section, we will assume that 7' itself has quantifier elimination. This
can be easily achieved by the process of skolemisation 3.0.1, which, due to definable

choice, does not change the definable sets of the structure.

Theorem 4.2.5 ([KK24, Theorem 2.1]). Suppose T eliminates quantifiers and has

unwersal ariomatization. Then Ty eliminates quantifiers in the language Lr .

Proof. We do the Schoenflies embedding test. Let (R, ', kr) E Ton and let (S, s, ks) E
Ton be |R|*-saturated. Further let (A,I"4,k4) be a common Lrj s-substructure of R
and §. For quantifier elimination of Tpy, we need to show that the inclusion of
(A, T4, ka) € (S,Ts, ks) extends to an Ly s-embedding of (R, 'z, kr) = (S,s, ks).
Now, T" has quantifier elimination and universal axiomatization by assumption, so A
and k4 are both models of T" and I'4 is a A-vector space. By the existence of the
section s, we already have that the valuation v : A — I' 4 is surjective. The residue

map 7 : A — k4, however, does not need to be surjective.

Claim 1. As T eliminates quantifiers, by saturation we can already extend the inclu-

sion k€ ks to an L(k)-embedding kr — ks on the residue field sort.

Claim 2. We can extend the inclusion I'y € T's to an embedding I'r - I's
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For this, assume we have an «v € I'g NI' 4 that we want to embed into I's. Then by
saturation, there is a f € I's realizing the same cut as a over I' 4. Taking monomials
m:=s(«) and n:= s(f), they realize the same cut over A, so we get an L-embedding
[ A(m) - S sending m — n. By 4.1.6 we have that 7(A(m)) = 7(A(n)) = 7(A) Then

by 4.1.4 we have for any y € A:

v(y) >0 < |y| < u for some u e A with v(u) >0 < v(f(y)) >0.

This makes f and Le-embedding. For f to be an Lrj s-embedding (A(m),I'4 &

Ao, kr) = (S,T's, ks), note that for each v+ A € 'y @ Acr, we have that

F(s(y+Aa)) = f(s(7)m?) = s(y)n = (7 + AB).

Claim 3. We can extend the inclusion A< S such that m: A - k4 is surjective.

Suppose @ € k4\7(A). Let a € A and b € S be lifts of a. Note that a and b both

realize the cut

{yeAry<Oayu{yeO4:7(y) <a}

so there is an L-embedding f : A(a) - S sending a to b. By Corollary 4.1.6, we
have that T' g = T 4(q) = Tagp)- Then by Fact 4.1.4 we have for y € A(a) that

v(y) 20 <= ly| <d for all d e A~ with v(d) <0 <= v(f(y)) > 0.

Thus f is even an Lp-embedding, so it induces an Lr i s-embedding (A(a), I 4, kr) —

(87F37k5)'
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Now we extend the inclusion (A, I' 4, k4) € (S,I's, ks) to an L s-embedding (R, 'z, kr) —
(§,Ts,ks). By the previous claims, we can arrange that I'y = I'r and 7(A) =
k4 = kg, so R is an immediate extension of A. Let a € R\A, and take a pseudo-
cauchy sequence (a,) in A with pseudolimit a and with no pseudolimits in A. Let
b e S be a pseudolimit of (a,). Then by [Kap23, Corollary 2.11], there is a unique
Lo(A)-embedding f : A(a) - S sending a to b. This f induces an L s-embedding
(A{a),T'r,kr) = (S,Ts, ks). O

Corollary 4.2.6 ([KK24, Corollary 2.2]). Ty is complete and if T is model complete,

then Ty is model complete in the language Loy.

Proof. Let P be the prime model of T. Then (P,0,P) admits an Lr g s-embedding
into any model of Ty since k & T', so Ty is complete; see [AvdHVdD17, Corollary
B.11.7]. For model completeness in the language Loy, let R and S be models of Tyn
and assume that S is [R|*-saturated. Let A & Tyy be a common Lyy-substructure of R
and S. By a variant of Robinson’s model completeness test [AvdHVdD17, Corollary
B.10.4], it is enough to show that the inclusion A € S extends to an embedding
R - S. As T is model complete, Tp is as well by [vdDL95, Corollary 3.13], so A is
an elementary Lo-substructure of both R and S.

Extending our language £ by function symbols for £(@)-definable functions, we
arrange that 7" has quantifier elimination and universal axiomatization. Augmenting
by additional sorts for the value group and residue field, we view R and S as Lr g -
structures (R, ', kr) and (S,T's, ks), where s : I'r — R>is the section corresponding
to the monomial group M, and similarly for S. Given vy € v (A*), we have v(s(7)) =
v € v(A*), so s(vy) belongs to M4. Thus, (Av(A*),7(A)) is a common Lr g s

structure of (R,I'gr,kr) and (S,['s,ks). Theorem 4.2.5 gives an L s-embedding
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(R,T'r,kr) = (S,Is, ks) over (A,T" 4,k 4), which restricts to an Lop-embedding R —
S over A. H

Corollary 4.2.7 ([KK24, Corollary 2.3]). If the signature of L is finite and T is

decidable, then Ty is decidable as well.

Corollary 4.2.8 ([KK24, Corollary 2.4]). The value group ' is purely stably embedded
as an ordered A-vector space, and orthogonal to the residue field k, which is stably

embedded as a model of T.

Proof. By extending £ by function symbols for all £(@)-definable functions, we
may assume that T has quantifier elimination and universal axiomatization. Let
(R,I'r,kr) E Toy and let (A,T'4,k4) be an Ly -substructure of (R,I'z, kxr). Let
v,y € I'% with tp (v/T4) = tp (7//T" 4) in the language of ordered A-vector spaces, and
let 7,7’ € ki with tp L (r/k4) =tpL (r'/k4). By a standard compactness argument,
it suffices to show that (,7) has the same L -type as (7/,7") over (A,I'4,k4);
see [CDHO05]. As r and 7’ have the same type over ky4, we find an L-isomorphism
ka(r) - k4 (r") mapping r to r’. Using Claim 1 of the quantifier elimination proof,

this extends to an Lr g s-isomorphism

(A Tu, ka(r)) = (AT, ka(r’))

Let m,m’ € R™ be the tuples (s(71),...,5 (7)) and (s(v]),...,s(75,)), respec-
tively. Then v (A(m)*) = 4®Ay; @& Av,,, and similarly for v (A(m’)"). By Claim
2 of the quantifier elimination proof, we get an Lr  s-isomorphism

(Afm), v (A(m)*)  ka(r)) - (Am’), v (AW)) ka (')
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This isomorphism is elementary by our quantifier elimination, giving us stable
embeddedness and orthogonality. Purity follows directly by taking our substructure
to be (P,{0},P), where P is the prime model of T O

Corollary 4.2.9 ([KK24, Corollary 3.1]). Suppose T eliminates quantifiers and has

universal aziomatization. Then Ty eliminates quantifiers in the language L.

Proof. Let R and S be models of Tyy, and assume that S is |R|*-saturated. Let A be a
common Lg-substructure of R and §. As in the proof of Corollary 4.2.6, we augment
by additional sorts for the value group and residue field to get that (A, v (A*),7(A))
is a common Ly s-substructure of (R,I'g,kz) and (S,T's,ks), where the sections
from the value group sort to the field sort are defined using the map s. Theorem 4.2.5
gives an Lry s-embedding (R, I'r,kr) - (S,I's, ks) over (A,v(A*),n(A)), which

restricts to an L-embedding R - S over A. ]

Lemma 4.2.10 ([KK24, Lemma 3.2]). Let 7 be a unary L;(A)-term. Then there are
meN, an (m+1)-ary L(A)-definable function f:R™1 - R, and an L (A)-definable

set B € R™*1 such that:

1. The fibre of B over z, B,, is open for each x € R™, and B, nb, = & for

T +yeR™.
2. RN (Ugerm Bz) is a finite union of Ls(A)-definable discrete sets.
3. For each x € R™, we have 7(t) = f(z,t) for all t € B,.

Proof. We proceed by induction on the complexity of terms. If 7 is a variable or a
constant symbol, then we take m =0, f(t) = 7(t), and B = R (here R? is the one-point

space).
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Suppose that the lemma holds for all terms of lower complexity than 7. We first
consider the case that 7 =0 (7q,...,7,) for L,-terms 11,...,7, and an L-term o. For
each i = 1,...,n, take m; € N, an L(A) definable function f; : R™*! - R, and an
Ls(A)-definable set B; € R™i*! satisfying the conditions in
the lemma for 7;. Let m :=my +...+m, and define B € R™*! and f: R™! - R as

follows: for z = (x1,...,2,) € R™ x -« x R™» put

B:): = Bxl ﬂ---ﬂan, f(l'ﬂf) = a(fl (xlat)a' . '7fn (xn7t))

Then m, B, and f satisfy the conditions in the lemma for 7.
Finally, suppose that 7 = s(o) for some Ls-term o. Take m € N and an L(A)-
definable function g: R™*! - R, and an L (A)-definable set C' € R™*! satisfying the
conditions of the lemma for 0. As g is L£(A)-definable, there are L£(A)-definable
functions ¢1,...,9x : R™ — R such that ¢t » g(z,t) : R - R is continuous on
R\{g1(x),...,gr(x)} for all z € R™. We let C* := C'\UL, Graph(g;). Note that
then ¢ — g(z,t) is continuous on the open set C* = C,\ {g1(x),...gr(x)} for each z.

Now we define B € R™*? as follows: for x € R™ and y € R, set

{teCy:s(g(z,t)) =y}  ifyem
Bey=vint ({t e Cr: g(z,t) =0}) ify=0

o] otherwise.

Then each B, , is open, since s~!(y) is open for y € M and ¢ ~ g(z,t) is continuous
on C for each x. Clearly, the sets B, , are pairwise disjoint. Let f:R™"2 - R be

given by f(x,y,t) =y. Then for (z,y) e R™*! and t € B, ,,, we have
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7(t) = s(o (1)) = s(g(x,1)) =y = f(z,y,1)

It remains to show that R\ U, , Bs, is a finite union of £,(A)-definable discrete
sets. By assumption, R\ U, C, is a finite union of £,(A)-definable discrete sets, so it
suffices to show that the £;(A)-definable set U, (C’x\ Uy Bw) is discrete. Since each
C, is open, it is enough to show that C,\U, By, is finite for each x, and this holds
since C;\U, Bs,, is contained in union of {g;(x),...,gx(x)} and the boundary of the
set {t e R:g(x,t)=0}. O

Theorem 4.2.11 ([KK24, Theorem 3.3]). Every L;(A)-definable subset of R is the

union of an Ls(A)-definable open set and finitely many Ls(A)-definable discrete sets.

Proof. Let D € R be L;(A)-definable. By removing the interior of D (which is open
and L4(A)-definable), we may assume that D has empty interior. We will show that
D is a finite union of £,(A)-definable discrete sets. By quantifier elimination, we may

assume that D is of the form

D={teR:79(t) =0,71(t) <0,...,7,(¢) <0}

for L -terms 70,...,7,. For each i < n, take m; € N, an L£(A)-definable function
fi : Rmitt > R, and an L,(A)-definable set B; € R™i*! as in Lemma 4.2.10. Let
m:=mg+...+m, and for z = (zg,...,2,) € R™ x ---x R™n set B, := B,y n---NB,, .
Then each B, is open, R\ U,erm B, is a finite union of £,(A)-definable discrete sets,

and for each x, we have

DnB,={teB,: fo(xo,t)=0,f1 (x1,t) <0,..., fr(xn,t) <0}
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As each f; is L(A)-definable and B, is open, we see that D n B, is finite (other-
wise, D n B, has interior). Thus, D N Uzerm By is Ls(A)-definable and discrete. As
R\ Uzerm By is a finite union of L (A)-definable discrete sets, we conclude that D is

a finite union of L£4(A)-definable discrete sets. O

Hieronymi and Nell introduced a criterion for establishing distality in language
extensions of o-minimal structures [HN17, Theorem 2.1] extending ordered abelian
groups. We will directly state its requirements in the context of our setting during

the proof of the following theorem.
Theorem 4.2.12 ([KK24, Theorem 4.1]). Ty is distal.

Proof. Let (U, Oy, My) E Ton be a monster model. As in the previous section, we
assume that 7" has quantifier elimination and universal axiomatization, and we work in
the language L, so s (U*) = My,. We will use the Hieronymi-Nell criterion for distality
[HN17, Theorem 2.1], applied to our theory T with additional function symbol s. In

our case, we need to verify the following:
1. The theory Tyy has quantifier elimination in the language L.

2. For every L -substructure R €U and every ¢ e U™, there is a tuple d € s(R{c))"
for some n such that s(R{c)) < (s(R),d).

3. Suppose that k' < k and g, h are L-terms of arities k +m and k' +n respectively,
by eU™, and by € M}, If (a;),; is an L,(D)-indiscernible sequence from imzlj' X

U+ such that

(a) I =1 +c+Iy, where I; and I, are infinite without endpoints, and (a;),.;, .,

is L4 (b1by) indiscernible, and
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(b) s(g(ai;b1)) = h(a;,by) for every i € I + I, then s (g (ac,b1)) = h(ac,bs).

We have already verified (1) in Corollary 4.2.9 above. For (2), let R be an Ls-
substructure of ¢ and let ¢ e Y™. Then s(R{c)) is a finitely generated multiplicative
A-vector space over s(R) by the Wilkie Inequality 4.1.5. Take generators my, ..., m, €
s(R{c)). Then

s(R{c)) € (s(R),my,..., m,)

Finally, let f, g, (a;),b1,bs be as in (3), so s (g (a;,b1)) = h(a;,by) for every i e I + Is.
We may as well assume that g (a;,b1) and h (a;, be) are nonzero for these i (otherwise,
s(g(ae,b1)) =h(aeby) =0 as well, since T is distal). We first claim that h (a;,bs) €
My for all ie [. Fix i e I1 + Iy, so h(a;,b2) = h(a;1,...,a;%,b3) € My. Let R be the
L-substructure of U generated by (a;1,...,a;,,b2). Since (a;1,...,a;,b2) € 9)1’5,’“’,
the Wilkie Inequality 4.1.5 tells us that s(R) is the multiplicative A-vector space
generated by (a;1,...,a;,b2), so in particular

h(a;,by) = al’.\jn-a;\”;’,bg\ (*)

for some Aj,..., A\ € A and some tuple A € A". Since T is distal, the equality (*)
holds for all ¢ € I. Thus h(a.,by) is a product of A-powers of elements in 9y, so
h(ac,by) € My Therefore, in order to show that s (g (ac,b1)) = h(ae,b2), it is enough
to show that v (g (a.,b1)) = v (h(ac,bs)). This holds since v (g (a;,b1)) = v (h(a;, b))
for all ¢ € I; + I, and since Ty is distal, as Ty is weakly o-minimal, and thus by

[DGL11, Theorem 4.1] dp-minimal, hence by [Sim13, Lemma 2.10] distal. ]

Proposition 4.2.13 ([KK24, Proposition 4.2). Toy has NIP, however, Tyy defines

an infinite discrete set, hence it is not strongly dependent.
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Proof. All distal theories are dependent by definition. To see that Tgy is not strongly
dependent, let (U, Oy, My) = Top be sufficiently saturated, and note that for each
e e YUY, the set My, N (0,¢) is definable, discrete, and infinite. By [DG17, Theorem

2.11] Tyy is not strongly dependent. O

4.2.2 The exponential case

For this section, we assume 7' is o-minimal. Further, we assume that an exponential

function exp : R — R is definable in R and 91> is closed under exp.

Lemma 4.2.14 ([KK24, Lemma 5.1]). The additive group of R admits a direct sum
decomposition R = O @ log(M).

Proof. We will conclude the statement from the claim that exp(Q) = (O*)>. For

the first direction, take a € O. Then by T-convexity, both expa and eXLa = exp(-a)

belong to O, as exp is L(@)-definable. Thus a € (O*)>. For the other direction,
take u € (0*)>. In the case that u > 1, we have that logu € O as O is convex and
0 <logu <wu. If u <1, then the previous argument works for % > 1 and so log(%) €0 as
before. So logu = -log 1 € O as well. Now that we have shown that exp(Q) = (0*),
consider that R> = (0O*)> @ 9 as an internal direct sum of the multiplicative groups.

Applying log yields the statement. m

We now follow the strategy Camacho used for showing that Hahn fields with a
predicate for the subring of purely infinite elements are undecidable [CA18, Section

4.2]. For this, take a € R and m € 9. Lemma 4.2.14 gives us a unique b € mlog(9N)
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with a — b e mO. We define a|m to be this element b, so (a,m) ~ a|m is an Lon(2)-

definable function. We also define
supp(a) :=={meM:s(a-al,)=m}.

Then supp(a) is an Lo (a)-definable subset of 9. The element a|m can be thought of
as a “truncation of a at m,” and supp(a) serves as an analog of the support. Indeed,
viewing the example of transseries T as a model of Ty, exp, the element af . is exactly
the truncation of an element a € T at a transmonomial m, and the set supp(a) is
exactly the support of a. If mis an infinitesimal transmonomial in T, then the support
of (1 -m)~! is the set {m”:neN}. Thus, N = {logn/logm:nesupp(l-m)'} is

definable in T. We will show that a suitable analogue holds in our model R.

Proposition 4.2.15 ([KK24, Proposition 5.2]). Let m € 9 with m < 1. Then for all
n e Nm m" € supp(1==), and if n € supp(1=), then n=wm" for some n e N or n <mn

for alln e N.

Proof. Asm e 9 is <1, we have that m € 0, the maximal ideal of O. So both 1-m and
—— belong to O*. As we have that /|1 = 0, we have that 1 € suppr=. Further if
ne suppﬁ, then n < 1. Now fix an n € N and take an n € 9t satisfying m”*! <n <m.
We now want to show that n e suppﬁ if and only if n=m"*1. As

1 m”"
1+m+~~+m”:n(—+m+—),
n n

and L., e 91 C log(9M), we have that their sum is in log(9M) as well, so (1 +

n’
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m+---+mn?) e nlog(M). Then

: 1 _ : 1 1 _ +1
so the truncation —[n=1+m+---+m". Then the section s(= - (=[n)) = m"*!, so

it follows that n € supp(1-) if and only if n = m*1. O

Corollary 4.2.16 ([KK24, Corollary 5.3]). There is a definable set A< R withNc A
and if a € ANN, then a > N. That means N is externally definable in any model of

Top and if Tyy has an archimedean model, then N is definable in a model of Tyy.

Proof. Take a monomial m € 91 with m < 1 and define

1
A= {a € R :exp(alogm) e supp(m)}.

By Proposition 4.2.15, we have for each a € A either a € N or a > N. Hence N is
externally definable as the intersection of A and a convex subset of R. Now assume
that T' has an archimedean model, then there is a § £ Tyy with valuation ring Os =

a €S8 :|a| <n for some n € N. Defining A as above, we have in S that N= AnQs. [

This leads to Ty inheriting the stability-theoretic properties that Peano arithmetic

has. We immediately have that
e Ty is undecidable, by [G631].
e Ty is dependent, and therefore not distal.

Further, we can show:
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Lemma 4.2.17 ([KK24, Corollary 5.4]). Let T' be an o-minimal theory defining exp
and Ty the corresponding theory of a T-convexr valued field with a predicate for a

monomial group. Then any completion of Tyy has ATP.

Proof. We follow the argument in [AKL23, Example 4.31]. First, assume that our
structure R £ Ty is sufficiently saturated and let A be the definable set from Corollary
4.2.16 satisfying N ¢ A and for all a € A either a € N or a > N. Then let ¢(x,y) be the
formula capturing division on N in the form that x € AN{1} and z-z = y for some z € A.
Now we need to find a tuple of parameters (a,),e2<w such that {¢(z,a,) :ne I} is
consistent for I ¢ 2<% if and only if [ is an antichain. By saturation and compactness,
it is sufficient to find a tuple of parameters (a,)2<" such that {¢(z,a,):n €I} if and
only if I € 2<¥ is an antichain for each n < w. So let one n,w be given. Then we
can enumerate all antichains Iy, ..., [, in 2<" and let py,...,p, be the first m prime
numbers. Then assigning for each n € 2<, a, = [T{p; : n € I;}. Then let I ¢ 2<" be
an arbitrary subset. If I is an antichain, then I = I; for some 1 < j < m and the
consistency of {¢(z,a,) : 1 € I} gets witnessed by p;. For the other direction, suppose
the consistency of {¢(x,a,) :n € I} is witnessed by some b€ A~ 1. Then b < a, for
each €I so beN, since all a, € N. Now any prime factor p of b is also a prime factor

of any a, for n €I, so p=p; for some 1< j<m, so I ¢ I;, so I is an antichain. O
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Chapter 5

The j-function and pfaffian chains

The goal of this chapter is to present the work in [Kes23|, showing that the j-function
is not Rexp-pfaffian. First, we introduce our main protagonist, the modular j-function
in Section 5.1. The function j satisfies a differential equation, so we give an expository
account of Freitag and Scanlon’s proof of the strong minimality of said differential
equation from [FS18], Theorem see 5.1.9, including Nishioka’s contribution [Nis89]
to the study of the j-function. After establishing the strong minimality, we focus
on pfaffian chains in Section 5.2.1. First, define pfaffian chains and present Freitag’s
result [Fre21] on j being not C-pfaffian, see Theorem 5.2.3, using the strong minimality
of j’s differential equation. In subsection 5.2.2, we define the restriction of j = j(ix) :
(1,00) - R and establish that j is not R-pfaffian following Freitags approach, see
Theorem 5.2.10. Lastly, in subsection 5.2.3, we establish that that j is also not Rey,-
pfaffian, see 5.2.16, using the strong minimality of j and an Ax-Schanuel theorem

from [BSCFN23].
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5.1 The j-function and Nishiokas results

The j-function is an important modular function j: H - C with H = {z € C|Im(z) >
0} being the upper half plane. The j-function is an analytic function on H with
Fourier expansion at ¢t € H given by

2mit

j(t) = exp(=2mit) + 744 + --- + higher order terms in e

The j-function is a modular function for SLy(Z), which means that for 7' e SLy(Z)
and all ¢ € H, we have j(T't) = j(t), where the action is given by Mdbius transforma-

tions:

t+b a b
_ AT for T =

ct+d c d

Tt

We call a function f being invariant under the action of a subgroup G of SLy(C) G-
automorphic. Moreover, for a,b € H, we only have j(a) = j(b) if there is a T € SLy(Z)
such that a =T'-b.

This means that the entire behaviour of j can be represented on a domain V' whose
images under the action of SLy(C) partition the upper half plane. Such a domain V'
is called a fundamental domain, and j maps V' bijectively onto C. We will oftentimes
be considering j on a neighbourhood U ¢ V. Below is a picture of a standard choice
V={reH||r|>1, -3 <Re(r) <1} u {reH||r| =1, -} < Re(r) <0} fundamental

domain for j,
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I 1 1 1 1

-2 -1 0 1 2
Figure 5.1: Fundamental domain for the modular group on the upper half-plane.

Image by Kilom691 & Hulpke (2017), CC BY-SA 4.0, Wikimedia Commons [Kil17].

Further, j satisfies an order 3 algebraic differential equation, namely

, 0.
y

my\/ "y 2 2
Y 1(y o Y7 — 1968y + 2654208
x(y)==( ) 2( )+( )?- =

y) 2 y2(y - 1728)

This equation splits into a Schwarzian defined as
)

S(y)=(=) -=

w=(%) -3

1968y + 2654208
y?(y — 1728)

<5

and a rational term

R(y) = v

rewriting the equation as

x(y) =S(y) + (')’ R(y).

Remark 5.1.1. This Schwarzian satisfies a chain rule S(f o g) = (¢')2S(f) o g +

S(g), and two functions f and g satisfy S(f) = S(g) if and only if f = Zggis for
constants a,b,c,d satisfying ad — bd # 0, meaning S is also invariant under Mobius

transformations. It is worth noting that if f' is constant, then S(f) = 0, so the
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functions g satisfying S(g) = 0 are precisely the degree one rational functions over the

field of constants.

Our preferred differential field for the study of the differential equation is the field
of meromorphic functions M(U') on a nonempty subset U of the fundamental domain
of j.

Following a conjecture by Mahler [Mah69], Nisioka proved the following:

Theorem 5.1.2 ([Nis89]). Let G be a Zariski dense subgroup of SLy(C). Then no
nontrivial G-automorphic function satisfies an algebraic differential equation of order

2 or less over C.

This applies to j, as SLs(Z) is Zariski dense in SLy(C). Below, we give a sketch

of the proof:

Lemma 5.1.3 ([Nis89]). Suppose a subgroup G of SL2(C) is Zariski dense in S Ly(C).
Let M := M(U) be a field of meromorphic functions on a non-empty domain U in C
which contains the rational function field C(z) and which is stable under differentia-

tion diz. Let P be a polynomial in M[X,Y, Z] with

iTz d—QTz) =0 forall T eG
dz 7 dz? - '

P (T z,
Then P is identically 0.

a
Proof. Let T = . Then the equation written out reads as:

c d

az+b 1 1
= A
(cz+d’ (cz+d)? —20(cz+d)3) 0 (4)
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Treating SLs(C) as a variety let K = C(SLy(C)) be the rational function field on
SLy(C) equipped with d%K =0. Then K and M are linearly disjoint field extensions
over C as K extends the differential constants and M extends to functions with non-
zero derivative. So there is no algebraic relation between these two extensions, and

we have that trdegM K [M =3, as the dimension of SLy(C) as a variety is 3. Let

be a generic point of SLy(C) i.e. of maximal transcence degree within in K.

If P # 0, we have an algebraic dependence of the variables in equation (A)

%:3, (Czid)Q, —2c(c1z+d)3 over C Then az+b, ¢,d are dependent over M, but z € M 2 C(z),

so az + b is algebraic over M(c,d). By differentiating the dependence relation, a is

algebraic over M (c,d). Contradiction. O

Now, following corrections from [FS18] of Nishioka’s original proof, we can give

the proof of Nishioka’s main theorem above.

Proof of Nishioka’s Theorem 5.1.2. Let f(t) be G-automorphic function. Assume for
a contradiction that ¢, f(t), % f(t), j—; f(t) are algebraically dependent over C. Then

there is a polynomial P over C with

P11 550,55 (0) =0

Now, as f is G-automorphic, we may replace ¢t with 7't for each 7" € G. This substi-

tution yields the variables plugged into P:

1. Tt
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2. f(Tt) = f(t)
3. L F(Tt) = (471) " L5(1)
4 () () = (570) " (1) - (472) (4Tt) £ £ (D).

Substituting that, we have:

(Tt £(0), (th)_1 2 r), (th)_2 j;f(t) (—Tt) (j—;Tt) dtf(t))z

By clearing denominators, we obtain a nonzero polynomial over C(¢) which vanishes

on (Tt, jtTt, jtg Tt) for all T e GG. This contradicts Lemma 5.1.3. O]

5.1.1 The strong minimality of x =0

In this section, we will present the proof by Freitag and Scanlon from [FS18] that the
set defined by the differential equation x(y) = 0, which j satisfies, is strongly minimal
in DCFy. For this, we need two more ingredients. First, we need the Seidenberg

Embedding Theorem:

Fact 5.1.4 ([Sei58]). Let K = Q(uy,...,u,) be the differential field generated in U
by n elements over Q and let K1 = K(v) be a simple differential field extension of K
(i.e. generated by one element as a differential field in U). Let U c C be an open
ball and 1 : K — M(U) a differential field embedding of K into the differential field

of meromorphic functions on U. Then there is an open ball V € U and an extension

of v to a differential field embedding of K1 into M(V).

The second fact we need is a consequence of Pila’s modular Ax-Lindemann-

Weierstrass Theorem with derivatives.
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Fact 5.1.5 ([Pil13a]). Suppose that ay,...,a, € C(t) take values in H, and are geodesi-

cally independent. Then the 3n functions

jlar),..j(an), J'(ar),....5"(an), 5" (a1),.... 5" (an)

are algebraically independent over C(t).
With this last differential fact, we can start proving the theorem.

Lemma 5.1.6 ([FS18, Lemma 3.2]). For every open W €V and every finite indis-
cernible tuple (aq,...,ax) of realisations of the type tp(j/C), there exists an open U
W such that (aq,...,a) can be realized as the restrictions to U of (j(g12),---,j(grz))
for g; e GLy(C).

Proof. By the Shelah reflection principle 2.1.11 we can find a canonical base {dy, ..., d,}
of tp(j/C) in an initial segment of a Morley sequence. By using the Seidenberg Em-
bedding Theorem 5.1.4, we may assume that {di,...,d,} is embedded in the field
of meromorphic functions on some open subset U ¢ W. j is a surjective analytic
function from H — C, so it follows that there are holomorphic functions ; : U - H
such that j (¢;(t)) = d;(t). But j(1;(t)) satisfies the same differential equation as

j(t), because the formula x(y) =0 is in tp(j/C)”:

0=x(jovs)
=S (o) + RGow) ((Gow))’
= (S(G) o) - (W) + S () + R(Go) ("o )" ()
= (x(7) o v) - (¥)" + 5 ()
= S ()
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That means, if j o 1); is a solution to x(x) = 0, then S (¢);) = 0. By Remark 5.1.1, all
solutions of this kind are rational functions of degree one. So j (¢;(t)) = j (g:it) where

Theorem 5.1.7 ([FS18, Theorem 3.7]). We have U(tp(j/C)) = 1.

Proof. We need to show that any forking extension of tp(;j/C) is algebraic, which by
the finite character of forking reduces to checking extensions of tp(;j/C) to finitely gen-
erated differential field extensions of C. Let B 2 C be a finitely generated differential
field extension in our differentially closed field U such that tp(j/B) forks over C. By
the Shelah reflection principle 2.1.11, there is a finite Morley sequence {dy,...,d,}
in tp(j/B) which is dependent over C. By Lemma 5.1.6, we realize di,...,d, as
J(g1t),...,J (gnt) for some g; € GLo(C). By Fact 5.1.5, as ¢g; and g, are in the same
coset of GLy(Q), 7 (g;t) and j (g;t) are interalgebraic over Q. As j(git),..., 7 (gnt)

is a Morley sequence in tp(j/B), the type tp(j/B) is algebraic. O

Definition 5.1.8. Let L be a differential field extension of K. A tuple b € K™ is
a differential specialization of a tuple a € L™ over K if every differential polynomial

over K that vanishes at a also vanishes at b.
Now we harvest the main result:

Theorem 5.1.9 ([FS18, Theorem 3.8]). The set C' defined by the differential equation

x(y) =0 is strongly minimal.

Proof. The equation x(y) = 0 has degree one in order three, so we need to show that
any differential specialization of j over C satisfies no lower order differential equation,

as otherwise such an equation would define a subset D ¢ C' with Cn D and D\ C
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both being infinite. By the proof of Lemma 5.1.6 and Theorem 5.1.7, and the fact

that any differential specialization f satisfies the equation

S(f)+R(f)(f)* =0

one can assume that f = j(gt) for some g € GLy(C). Now f satisfies the hypotheses
of Nishioka’s Theorem 5.1.2 as f is G-automorphic with G = SLy(Z)9 = g71SLy(Z)g.
So f does not satisfy any nontrivial order two or less equation over C, proving that

C' is strongly minimal. m

Remark 5.1.10. In general, if a function f satisfies a strongly minimal differential
equation of order n over K, then the differential equation is irreducible over K and,

if F'2 K 1s an algebraically closed differential field extension, then the transcendence

degree of the field extension F(f, f',..., f(™) is

trdeg(F(f, f',..., f™)/F)=0 orn,

depending on whether or not f € F. This follows directly from the characterization of
forking in Definition 2.1.5, since the differential field extension can be either forking

or non-forking.
For the example of the j-function, this means:

Corollary 5.1.11. If F 2 C is an algebraically closed differential field extension, then

the transcendence degree of the field extension F(j,j',7") is

trdeg(F(j, j',j")/F) = 0 or 3,
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depending on whether or not j € F.

5.2 The many ways j is not pfaffian

For the introduction of Freitags result in the next section, we also give a version of

pfaffian chains over C:

Definition 5.2.1. [Fre2l, Definition 2.2] Let fi,..., f, be complex analytic func-

tions on some domain U ¢ C™. We call (fi,..., f,) a C-pfaffian chain if there are
polynomials p; j(u1, ..., Up,v;...,v;) with coefficients in C such that
of;
5 (z) =pij (z, fi(z),..., fi(z)) for x € U.
€
A chain fy,..., f, be real analytic functions on an open set U € R™ is called R-pfaffian
if therer are polynomials p; ;(u1, ..., Un,v1...,v;) with coeflicients in R such that
ofi
O (._'L') =Dij ('I7f1(x)7 s fz(l')) for z e U.
j

See [Kho91, Section 2.3] for more details.

Remark 5.2.2. By the identity theorem of holomorphic functions, any R-pfaffian
chain on an open interval I extends to a C-pfaffian chain on a neighbourhood of I

with the same polynomials for the derivatives.

5.2.1 7 is not pfaffian

In this section, we give a brief overview of Freitag’s result [FS18] on the j-function not

being algebraic over a C-pfaffian chain, i.e. there not being a polynomial witnessing
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the dependence of j and a pfaffian chain.

Theorem 5.2.3 ([Fre21, Theorem 3.1]). Let U € V' be open in the fundamental do-
main of j. Then the j-function is not algebraic over any C-pfaffian chain (fi,..., fn)
onU.

Proof. Let (fi,...,fn) be a pfaffian chain on U of minimal length such that j is
algebraic over the field extension F := C(fy, ..., fo-1). If j is algebraic over F', we may
shorten the chain, contradicting the minimality of n. Then j is transcendental and
interalgebraic with f,, over F'. By Pfaffianness, the field extension F' is a differential
field and F'(f,,) is a differential field extension of F' with transcendence degree 1. Now
as j is interalgebraic with f,, over F' we have that trdeg(F(f.,7,7',7")/F(fa)) < 2.
Then by Corollary 5.1.11, we have F'(j,5'5") € F(f,). Thus trdeg(F(j,5',7")/F) = 1.

This violates Corollary 5.1.11, leading to a contradiction. O]

By [Apo90, Section 2.7] the j-function takes real values on the imaginary axis.
This allows us to be working with j = j(i-x) : (1,00) = R, taking a real interval out

of the complex plane. As j is complex analytic, our j is real analytic as well.

Corollary 5.2.4. For every open interval I € (1,00), the restriction of j to I is not

algebraic over any R-pfaffian chain on I.

Proof. By Remark 5.2.2; this situation would imply that j is algebraic over C-pfaffian
chain on a complex neighbourhood of I, which cannot happen by the previous theo-

rem. ]

Remark. Furthermore, in [Fre21, Theorem 3.3/, Freitag proved with a similar ar-

gument that both the real and imaginary parts of the j-function as real functions in
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two variables are not algebraic over any paffian chain on an open domain at the same

time.

The goal of this chapter is to extend these results to the o-minimal settings of R
and Ry, as in the preprint [Kes23].

For this, we expand the definition of pfaffian to a general o-minimal expansion R
of R following [MS02]. For an o-minimal field R and some element a, we denote by

R{a) the o-minimal structure generated by taking the definable closure of R and a.

Definition 5.2.5. Let U ¢ R™ be open. An R-pfaffian chain is a list of analytic
functions f1,..., f, : U € R™ - R with open neighbourhoods W; of graph(fi,..., f;)

in U x R"™ and R-definable functions p; ; : W; = R™ such that for all e R™ we have:

0fi
&%’j

() = piy (z, fi(2),..., fi())
Fact 5.2.6 ([Spe99]). The expansion of R by any R-pfaffian chain is o-minimal.

Definition 5.2.7. A function f on U is R-definable over functions fi,..., f, on U if
there is a R-definable function G(z, yi, ..., y,) such that f(z) = G(z, fi(z),..., fu(z)).
A R-pfaffian chain fi,..., f,, on an interval [ is called R-minimal it has the prop-

erty that the o-minimal rank:

rk(R(f1,..., fa)/R) =n.

Lemma 5.2.8 ([Kes23, Lemma 1.7]). Every R-pfaffian chain fi,..., f, on I contains
a R-minimal R-pfaffian chain, over which each f; is R-definable.

Proof. Let a R-pfaffian chain fi,..., f, on I with corresponding functions p;; for
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the derivatives be given. Let k& < n be maximal such that (f;) for j < k is R-
minimal. Then fj,; is R-definable over fi,..., fx. There is a R-definable function
Q(z,y1,...,yk) such that Q (z, f1,..., fr) = frs1- Now we can remove fi,1 from the
chain by substituting all instances of fi1 in p;; for ¢ > k+1 with Q (x, f1,..., fx).
Then f1,..., fx, frs2, fn is @ R-pfaffian chain of length n—1, defining the same functions
over R. 0

5.2.2 j is not R-pfaffian

In this subsection, we fix the structure R to be R. The following fact, specific to R,

is needed.

Fact 5.2.9 ([BCR13, Proposition 8.1.8]). On an open semialgebraic subset U c R",

for a function f:U — R the following is equivalent
e f is analytic and semi-algebraic on U;
e f is analytic and algebraic (i.e. satisfying a polynomial equation) on U.

Theorem 5.2.10 ([Kes23, Theorem A)). Let I ¢ (1,00) be an open interval. Then

the restriction of j to I is not R-definable over any R-pfaffian chain on I.

Proof. Let fi,..., fos1 be a R-pfaffian chain on an interval I ¢ (1, 00) such that j on
I is R-definable as a function over fi,..., for1. We may assume that n is minimal
with respect to this property. As j is not definable in R, we have n > 0. Then by
Lemma 5.2.8 f1,..., fas1 is R-minimal. So there is a definable functions G such that

jis given as j = G (x, f1,..., fns1) and by o-minimaliy there is a definable H such that
fn+1 = H(xafh"wfnuj) .
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By the pfaffian condition and chain rule, the functions j’ and j” are R-definable
over fi,..., fay1 on I. After substituting f,,; with H(z, f1,..., fa,j), this yields a

definable function F' that satisfies

FCA®), - f(0),5(8) = (§1(1)) 57 (1)) for tel.

By analytic cell decomposition 3.1.4 and Fact 5.2.6, after shrinking I, we may assume
F' is analytic on an open cell C' containing graph(fi,..., fu,j). Then by Fact 5.2.9,

we have that I satisfies

p(F(21,...,%ps1),T1,- -, Tpy1) =0

for a polynomial p on C'. That means that F' is an algebraic function on C|, so j’
and j” are algebraic over the field R(fi,..., fn,j) on I. As the o-minimal rank in R
coincides with the transcendence degree, we get from the pfaffian condition that as

differential fields of functions on [

trdeg(R(fl"-7fmj7j,7j")/R(fl-~7fn)) =1

Since all of the f;s are real analytic, there are holomorphic extensions ﬁ on a complex

domain U. By the identity theorem for holomorphic functions, it follows that

trdeg(C(fl.._,fmj,j/’ju)/(c(fl_..,fn))=1,

contradicting Corollary 5.1.11. O
This yields the corollaries:
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Corollary 5.2.11 ([Kes23, Corollary 2.3]). j is not R-pfaffian. O
The proof for the j-function above generalizes to the following situation:

Corollary 5.2.12 ([Kes23, Corollary 2.5]). Let g: I - R be analytic on an interval
I € R and have an analytic continuation that satisfies a strongly minimal algebraic
differential equation over C of order m. Then for all k < m -2, any real restriction

of the k-th derivative of g is not R-definable over any R-pfaffian chain.

Proof. Assume there is a minimal R-pfaffian chain fi,..., f, of length n such that a
restriction g®) : I - R of ¢ with k <m -2 is R-definable over fi,..., f,. Then we
can extend the pfaffian chain to fi,..., fn,g®,g*-D ... g’ g. Following the proof of

the Theorem verbatim, as n+k <n+m—1, we can conclude with Remark 5.1.11. [

5.2.3 j is not pfaffian over Ry,

In this section, we fix R to be Rey,. Regardless, (a) will still denote the R-definable
closure.

We start with the following technical lemma:

Lemma 5.2.13 ([Kes23, Lemma 3.3)). Let fi,..., f, be an Ry, -pfaffian chain on
an interval I. Then there is a R-pfaffian chain k = (ky,..., k) on some domain U
ranging over the variables x,wy, ..., Wy, Y1,...,Yn and tuples zy,...,z, such that the

projection on the first n+ 1 coordinates contains graph(x, f1,..., fn) and

E(117.]617"‘.]C'rlvk;io (fla”'afn):iS”?
is a differential field extension of R, where k;o (f1,..., fn) denotes the substitution of
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fi into the w; variable, and the transcendence degree of the extension over R matches

the number of generators.

Proof. By induction on n, assume we have constructed an extension for the first n—1
elements of the chain and let R’ be the resulting differential field with corresponding
R-pfaffian chain &’.

Then let f!(x) = h(z, fi(z),..., fo(x)) with h being Ry, -definable. The by

model completeness, we have for graph(h) that

Rexp E (2, w,y,) € graph(h) < 32, F (2, w, Y, 2,) =0 (5.2.1)

for a quantifier free Rey, -definable F'. By [vdDM94, Proposition 5.6] F is given as

P (x,w,Yn, Zn, (1(X, 0, Yns Zn)s + -+ G (T, W, Yy 20)) (5.2.2)

where P is a polynomial, z, a tuple of variables and ¢ := (g1, . .., g ) is a R-pfaffian
chain such that each g; are Rey,-definable.

In particular, it is R-pfaffian. Thus, among all functions F, polynomials P, and
R-pfaffian chains g of Rexp-definable functions on open domains U such that the
projection on the first n + 1 coordinates contains graph(z, fi,..., f,) satisfying 5.2.1
and 5.2.2, choose representatives such that g does not depend on ,, if there are any
such, |2,| is minimal and (k’,¢) is R-minimal (using 5.2.8).

Then subbing the original chain fi,..., f, into the w-variables yields the R-

extension

R := R, (fn(x)’gl (Iafl(x)""7fn7ymzn)7"'7gm (x7f17'-~,fmyn7zn))
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over which f/ is R-definable using P, making this a differential field extension.
Claim. trdeg(R/R’) is equal to the number of generators.

Assume that trdeg(R/R’) is smaller. As all k; are Rey,-definable, there is a max-
imal j <n such that f,,gio f,...,gj0 f is R-independent over R'. If j = n, we are
done. Assume for a contradiction that j < n. Then there is a R-definable function
G such that G(z, f1,..., fa ki o f,...,kjo figiof,....g;0f) =gjsiof . By R-cell
decomposition, the equality G(x, w1, ..., wn,k{,..., K/, 91,...,9;) = gj+1 holds on a R-
definable cell C' whose projection on the first n+ 1 variables 7(C') 2 graph(f). By our
choice of g, the cell C is open and so this violates the R-minimality of (', g).

By the claim, we can take k = (k', g). O

As the second part of our story’s prerequisites, we need the following definition in

our Ax-Schanuel statement.

Definition 5.2.14. A formal parametrisation of a neighbourhood of a point p € C
in the sense of the Ax-Schanuel-Theorem (Fact 5.2.15) is a power series of the form

t € p+ (m\{0}), where m is the maximal ideal in C[[z1, ..., zx]].

Fact 5.2.15 (Ax-Schanuel for exp and j, Case [ = 1 of [BSCFN23, Theorem EJ). Let
P1,---,Prs1 be formal parametrisations (in variables z1,. .., zy) of neighbourhoods of

points p1, ..., pr+1 n H. If the transcendence degree:

trdeg (C (ﬁla v ,ﬁk+1,exp (]51) ye -5 €XP (ﬁk) >j (ﬁk+1) PR 7.j,, (ﬁk‘+1))/c)

< k+3+rank(alzj)
8zi

then there exists n € ZF\{0} such that Y. n;p; € C.
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Remark. A more general version of the Ax-Schanuel result holds for fuchsian uni-
formizing functions of hyperbolic curves instead of j in multiple variables, see [BSCFN23,
Section 8]. Combined with the strong minimality result from [CDFN22], a similar
result to Theorem 5.2.17 can be established for uniformizing functions admitting a

suitable interpretation over R.

With our prerequisites out of the way, we can now prove the Ry, case, following

a similar strategy to the R-pfaffian case in Theorem 5.2.10.

Theorem 5.2.16 ([Kes23, Theorem B|). On any interval I € (1,00) the restriction

of j to I is not Ry, -definable over any R.,, -pfaffian chain on I.

Proof. Let f = (f1,..., fa+1) be an Rey,-pfaffian chain such that on I, j is definable
over the chain f. By the lemma above, we can obtain a corresponding R-pfaffian chain
k1,...,k; such that the resulting differential field R has transcendence degree M + 1
equal to the number of generators, and f,,.1 is Rexp-interdefinable with j over the other

M generators. This is witnessed by Reyp-definable functions G and H such that j =
G(t7f1a"'afn+laklofﬁ"'ﬂklof) and fn+1 = H(t7f17"'afn7klOf?"'7klOfvj)' By

analytic cell decomposition 3.1.4 and Fact 5.2.6 H and G are analytic after potentially

shrinking /. By the pfaffianness and the chain rule, we have

h(t f1(@), - fu(t), ko f(E),. . ko f(2),i(2) = ('(2)) )" (¢)) for tel

for analytic h on a cell C' depending on the pfaffian chain and G and H. Then,

arguing as in the proof of Lemma 5.2.13 we have that

Rexp E (t,w,,y) € graph(h) < zF(t,w,z,y,2) =0; with |z|=N
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for F': RI*M+3+N . R a composition of a polynomial with g¢q,..., ¢, a R-pfaffian
chain of Lep, -terms. Unraveling all Loy, -terms from the new gy, ..., g, potentially

increased N yields a a polynomial () such that

F=Q(t,w,z,y, z,expt,expw, exp T, expy, exp z).

Subbinging fi,..., fu, k10 f,..., ko f into w,j into x and (j’,j") into y we get the

following differential field extension over R:

R{t, f1,.. s fa, k1o f,... ko f,3(2),i'(t),i"(t),exp(t),exp (f1),...,
exp (fn),exp(kio f),...,exp (ko f),exp(j(t)),exp (j'(¢)) ,exp (3 (1))

By adding additional variables py, . . ., ps for representing the power series t,j(t),j’(t),i"(t)
on [ respectively we can bring this in a form that is compatible with the Ax-Schanuel
Theorem 5.2.15. Note that these pg,...,ps can not contribute to the transcendence
degree of the extension. j(t),...,j”(t) can increase the transcendence degree by at

most 1 by pfaffianess and there are M many f; and k;, and z is an N tuple. So, we
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have the following bound for the transcendence degree:

trdeg(R(po, - - ps, fis- s fuskio fro o ko f 2,8,
exp(po), .-, exp(ps),exp(f1), ..., exp(fn), exp(ki o f),... exp(ki o f),exp(z),
i(1),i'(£),)" (1)) /R)

<A+ (M-1)+N+4+(M-1)+N

=2(M +N)+6

2(M+N)+7

< M+N+3 + 3 + rank(atvapiaafi,aki,wf, 82) |
—~ 85]-

substitutions in in exp  variables in j,j’,j”

>M+N, by minimality of the chain and z being independent

where s; are the variables that we are working with. Taking the the complex an-
alytic continuations of ¢,pg,...,ps3, f1,---, fu, k10 f,..., ko f in a suitable complex
neighbourhood of a point p € I yields formal parametrisations in the sense of 5.2.14.
Then applying Ax-Schanuel 5.2.15, we have that there is a non-zero linear integer
combination of the variables plugged into exp that is constant. In particular, we have

that

trdeg(R<f17"'7fn7klOf:"'aklOfaz>p07"'7p3>/R)<M+N+3 (523)

Subbing back in ¢ for py we can then by the Lemma 5.2.13 we have that the differential

field extension

trdeg (R (£, f1, .-, fas k10 frenr ko f) JR) = M
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Then the extension by z remains a differential field with

trdeg(R<fla"'7fnaklOfv"-aklofat>z>/R):M+N

still witnessing no dependencies. Now, adding in j(t),j’(t),j”(t) as p1,...ps by strong

minimality of j, we have that either

trdeg (R<f17 SRR fnvkl o f7 s )kl °© f:ta ZvJ(t)7],(t)a]"(t)>/R)
is M+ N or M + N + 3, with the former violating the minimality of the pfaffian

chain and the latter violating 5.2.3. In either case, we have a contradiction. O]

Corollary 5.2.17 ([Kes23, Corollary 3.8]). On any interval I € (1,00) the restriction

of j to I is not Ry, -pfaffian on I. O

The other corollaries from the semialgebraic case translate to other solutions of
strongly minimal differential equations, for which the corresponding Ax-Schanuel re-

sult is known.
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Chapter 6

Generic derivations and differential

largeness

This chapter of the thesis covers joint work with Elliot Kaplan from [KK26]. We
explore the connections between two notions of tame differential fields, namely ones
with generic derivations on algebraically bounded structures introduced by Fornaserio
and Terzo [FT24] and Leén Sénchez and Tressl’s differentially large fields [LST24].
We show that both of these notions coincide in the setting of éz fields, introduced
by Walsberg and Ye [WY23]. In particular, this is the case when working in the
language of L,y + {0,1,+,-}. Furthermore, we show that an NTP, algebraically
bounded structure stays NTP, after expanding by a generic derivation, see Theorem
6.4.2, and extend the same result to NATP as well, see Theorem 6.4.3.

For the remainder of this chapter, we are working with a language £ 2 L, , ex-
tending the language of rings and an L-structure K expanding a field of characteristic

0. 0 will be a derivation on K.
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6.1 Generic derivations

The first thing we have to define is the following:

Definition 6.1.1. K is algebraically bounded if for all L-extensions K* > K and all

B c K* are a € K*, we have

a€acly(KuB) < trdeg(a|K(B)) =0

This, in particular, means that the model theoretic algebraic closure on the left
agrees with the usual algebraic closure on fields, giving the transcendence degree
on the right. In particular, this means that the induced model theoretic notion of
dimension agrees with the algebraic one given by the transcendence degree.

On algebraically bounded structures, we can define what it means for a derivation

to be generic.

Definition 6.1.2. The derivation ¢ is generic if for all L(K)-definable X ¢ K7+
such that the projection on the first r coordinates has dimension r, then there is an

a € K such that (a,da,...,d7a) € X.

In particular, the graph of the derivation is generic in the sense that it is Zariski
dense. This is a common type of expansion, as it ensures that the interactions between
the algebraic structure of the field and the derivation are minimal. As we will use
in the setting of Section 6.4, it is straightforward to add a generic derivation to an
algebraically bounded field K. Further examples of fields with generic derivations
are differentially closed fields as defined after Definition 2.1.2 and closed ordered

differential fields, see [Sin78|, when working in the language L.

61


http://www.mcmaster.ca/
https://math.mcmaster.ca/e

PhD Thesis — C. Kesting; McMaster University — Mathematics and Statistics

6.2 Differentially large fields

In order to discuss differentially large fields, we have to first talk about large fields

introduced by Pop, see [Pop14] for a survey.

Definition 6.2.1. K is large if is existentially closed in K ((¢)). Equivalently, K is

large if every K-curve with a smooth K-point has infinitely many K-points.
Using this, we can define what it means to be differentially large.
Definition 6.2.2. K is a differentially large field if
e K is a large field;

e for every differential field extension (L,0) 2 (K, §), if K is existentially closed

in L, then (K,0) is existentially closed in (L, ).
Equivalently, differentially large fields can be characterized like this:

Fact 6.2.3 ([ST24, Theorem 2.8]). A differential field (K,0) is differentially large if

and only if
1. K is a large field and
2. for all r >0, all P e K[Xy,...,X,], and all nonzero Q € K[Xo,...,X,-1], if

there is x € K" with P(z) =0 and 88—)2(1’) # 0, then there is a € K with

P(a,éa,...,éra):O;tQ(a,(Sa,...,(S”’la)

Note that this characterization resembles the axiomatization of a differentially

closed field 2.1.2 relative to the varieties that have solutions over K. Consequently, if
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K is algebraically closed, and (K, ¢) differentially large, then (K, J) is differentially
closed.

With these two notions of tame differential fields given, how do they relate to each
other?

A differentially closed field does not necessarily need to admit a generic derivation,

as the following example shows:

Example 6.2.4. Let (K, ) be a differentially closed field and let C' = ker(d) be the
field of constants. Let t € K be transcendental over C' and take C'(t) with the t-adic
valuation ring @. Then (K, Q) is an algebraically closed valued field with non-trivial
valuation, and algebraically bounded as an L-structure by the quantifier elimination
result by Robinson [Rob77]. The maximal ideal m of O has (both algebraic and model
theoretic) dimension 1, but there is no a € m with da = 0 since C* ¢ O* = O~m. Hence

0 cannot be generic.

As the definition of differentially large does not consider language extensions, this

motivates the question we asked for our paper:
Question 6.2.5. Assume that £ = Lying. If (K,0) is differentially large, is 6 generic?

Remark 6.2.6. In the language L,ing, and assuming K is a large field with a model
complete theory T, differential largeness implies that § is generic. By [Tre05, The-
orem 7.2/, the model companion of the generic derivation theory T is the theory of

differentially large field expansion of K, thus they have to coincide.

We were able to answer this for the larger class of éz-fields in Theorem 6.3.9.
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6.3 FEz-fields

Ez-fields were introduced in [WY23] and are named partially as a pun and partially
due to their connection to the étale-open topology and the Zariski topology. Let V'
and W be K-varieties and let V(K') be the notation for the set of K-points of the
variety. The following definition relies on étale morphisms, which were introduced
by Grothendieck as an algebro geometric analogue of a local homeomorphism. For
a smooth variety V', the map f: W — V is étale if and only if W is smooth and f
induces an isomorphism of the tangent spaces T,W — T't,)V at every p € W. For the

more technical definition, when V' is not smooth, we refer to [JTWY24, Section 2.1].

Definition 6.3.1. The étale open topology or Ex-topology on V(K) is given by
the basis consisting of images of f(W(K)) —» V(K), where f : W - V are étale-
morphisms of K-varieties. Equipping each V' (K') with a topology this way, we have
a system of topologies,which lets every morphism f : W — V between K-varieties
induce continuous maps W(K) - V(K). Furthermore, these maps are open (or

closed) whenever f is an open (or closed) immersion.
We can rephrase being a large field in terms of the £x-topology.

Fact 6.3.2 ([JTWY24, Theorem C)). K is large if and only if every infinite V (K)

has non-discrete Ex-topology.

Definition 6.3.3. An L,;,,-definable set X is called éz if X is a finite union of étale

open subsets of Zariski closed subsets of V(K).

Note that if K is not large, then every singleton is étale open, thus every subset of
K is éz, giving us no useful restriction. For large fields, however, the class of éz-sets

is quite well behaved.
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Fact 6.3.4 ([WY23, Theorems A and B(2)]). Suppose K is large (and perfect). Then
the class of éz sets is closed under morphisms of K-varieties. In particular, this
means all existentially definable L,;nqg(K)-definable sets are éz. Furthermore, for a
smooth irreducible K-variety V and X < V(K) a non-empty éz set, we have that

dim X =dim V' if and only if X has non-empty Ex-interior in V(K).

The addition of perfect is just here for completeness sake, as we are always working
in characteristic 0. If K is large, imperfect and of characteristic p, then the set of
pth roots is not éz, see [WY23, Section 5] for details. Furthermore, the étale-open
topology is oftentimes already familiar. If K is separably closed, then the Zariski
topology and the étale open topology agree [JTWY24, Proposition 6.1]. Similarly,
if K is real closed, the order topology induces the étale open topology [JTWY24,
Corollary 6.12]. Lastly, if K is a non-separably closed henselian valued field, e.g.
Q,, then the étale open topology is induced by the valued field topology [JTWY24,
Corollary 6.13].

For a variety V, we let 7V denote the prolongation of V', and we let my denote
the projection map 7V — V; see [Moo22]. The prolongation is an analog of the
tangent bundle TV that takes the derivatives of defining parameters into account:
if x € V(K), then éx € (7,V) (K), and when V is defined over the constant field
ker(d), the prolongation and tangent bundle coincide. For a = (ay,...,a,) € K", we

let da := (day,...,da,), and for r € N, we let V"(a) := (a,da,...,0"a) € K1+,

Proposition 6.3.5 ([KK26, Proposition 2.3|). Suppose that K is a large field and let

0 be a derivation on K. The following are equivalent:

1. For every smooth irreducible K -variety V' and every éz set X ¢ (7V)(K) (the
prolongation of K ), if my(X) € V(K) has Ex-interior, then there is a € V(K)
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with (a,da) € X.

2. For every éz set X ¢ K%', if m(X) € K" has Ex-interior, then there is a € K"

with (a,da) € X.

3. For every éz set X ¢ K™ if m(X) € K" has Ex-interior, then there is y € K

with V" (y) € X.
4. (K,9) is differentially large.

Proof. For 1 = 2, just take V' = A". Suppose 2 holds and let X ¢ K*" be as in 3.

Consider the morphism f: Al*" — A?" given by

(o, ... xp) = (Toy ooy X1, Ty e, X))

Then f(X) ¢ K? is éz by Fact 6.3.4 and 7(f(X)) = 7(X), so 2 gives a =
(ag,...,a,_1) € K" with (a,da) € f(X). For y := ag, we have V"(y) € X.

To see that (3) = (4), we use Fact 6.2.3. Let r > 0,P € K[Xy,...,X,], and
Qe K[Xo,....,X,1]”°. Suppose there is 2 € K* with P(z) = 0 and g—)i(x) % 0.
Then x is a smooth K-rational point of Vp, the zero-locus of P, so we may assume that
Vp is smooth and irreducible. Take X := Vp(K)\Vo(K), so X is éz and 7(X) ¢ K~
has Ex-open interior by Fact 6.3.4 part 2. Then 3 gives y € K with V"(y) € X.

Finally, suppose that (K,d) is differentially large and let V, X be as in 11. Then
TV is smooth as well, so we can use [WY23, Theorem B(1)] to take smooth irreducible
disjoint subvarieties Wy, ..., W,, of 7V and Ly, (K)-definable Ex-open subsets X; ¢
W;(K) for each i with X = Xju---uX,,. Then 1y (X;) is Ex-open in V(K) for some 1,

so we set W := W, for this ¢ and we replace X with X;. Further shrinking X, we may
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assume that X is a basic Ex-open subset of W (K), so X is existentially Lying (£)-
definable. As X is Ek-open in W(K), we can take an elementary L, -extension
K* > K containing a tuple (z,u) € X* that is K-generic in W using Fact 6.3.4 part 2.
Then z is K-generic in V and (x,u) € 7V (K*), so we may extend ¢ to a derivation
0 K* - K* with §*x = u; see [Jac64, Chapter IV, Theorems 14 and 18]. As (K, J)
is differentially large and K is L,i,g -existentially closed in K*, the differential field
(K, 0) is existentially closed in (/*,6*). As X is existentially L (K)-definable, we
find a € V(K) with (a,da) € X. O

With this and the fact beforehand, we can conclude:

Corollary 6.3.6 ([KK26, Corollary 2.4]). If K is a large field with a generic deriva-

tion 0 on K, then (K,0) is differentially large.

Proof. Let X ¢ K™ be an éz set with m(X) ¢ K" has Eg-interior. By Fact 6.3.4, the
7(X) has full dimension, thus by genericity of §, there exists an a € K with V" (a) € z.

By our Proposition 6.3.5 3 implies 4, K is differentially large. 0
For the converse direction, we have to introduce a definition given in [WY23]:

Definition 6.3.7. We say that K is an éz-field if K is large and every definable set
is an éz-set.
As éz-fields are by definition large, we have the following:

Corollary 6.3.8 ([KK26, Corollary 2.5]). Let L = L,;n, and K be an éz-field. If the

expansion to a differential field (K,0) is differentially large, ¢ is generic.

Proof. As any definable set X is éz, and the projection 7(X) having Ex-interior
means having full dimension by Fact 6.3.4. Proposition 6.3.5 Part 3 then spells out

the definition of genericity. O]
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Together, these two corollaries answer Question 6.2.5

Theorem 6.3.9 ([KK26, Theorem A]). Suppose that L = L,;,, and that K is an

éz-field. Then (K,0) is differentially large if and only if 0 is generic.

Proof. This follows from the Corollaries 6.3.6 and 6.3.8. [

6.4 NTP,; and NATP Transfer

A common strategy to study model theoretic structures is to build them up through
language expansions and see what properties remain during this process. In this
section, we do the same for language expansions by generic derivations, and prove
that the combinatorial properties of NTPy and NATP are well behaved under this
process.

For this section, we work in the setting of an algebraically bounded structure K
and let T'= Th(K). We fix a derivation dp on P = dcl, (@) (usually dp = 0) and define
the theories 7% = T + 70 extends dp” and T = T° + 7§ is generic” in the language
L2 = L +{0}. Some of the properties T7 inherits a lot of properties from T are the
following:

Fact 6.4.1. In the setting above, the following holds:

1. TY exists, is consistent and complete.

g

2. For every L°-formula o(x) (x is a tuple of variables), there is an L-formula

Y (xog,...,x.) such that

Tf EVr(p(z) <Y (x,0x,...,07))
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3. If T' is model complete, then Tg is the model companion of TY.
4. If T eliminates quantifiers, then so does Tg.

5. If T is stable, then so is T?.

6. If T has NIP, then so does TJ.

7. If T is distal, then so is Tj.

8. If T is simple, then so is T.

9. If Tg eliminates imaginaries, then it is rosy.
10. If T has NSOPy, then so does Tj.

To properly attribute these results, 1 to 9 are due to Fornasiero and Terzo, with
[FT24] going up to 6 and [AG25] containing 7 to 9. Part 10 is due to Leén Sanchez
and Mohamed [LSM25], using their setting of derivation like theories, which can also
be used for independent proofs of 5, 8 and 9. More relevant is that structurally,
parts 5 to 7 are expressible in terms of sequences and can be shown quite directly
using part 2. See [ACGZ22, Proposition 7.1] and [FT24, Theorem 6.2] for general
criteria, as well as the proofs of [CKP23, FK21]. On the other hand, for parts 8 to
10, which are characterized in terms of independence relations, one can show that
an independence relation on Tg‘s is definable from the independence relation on T
preserving these properties ([FT24, LSM25]). A third class of neo-stability properties
are tree properties, defined by consistency and inconsistency patterns. These have
largely been unexplored except for Point’s result for NTPy transfer for certain classes

of topological fields with a generic derivation [Poil§].

69


http://www.mcmaster.ca/
https://math.mcmaster.ca/e

PhD Thesis — C. Kesting; McMaster University — Mathematics and Statistics

Theorem 6.4.2 ([Kap23, Theorem 3.1)). If T{ has TP, then so does T

Proof. We will assume that T has TP, witnessed by an £°-formula o(z,y) in tuples
x and y with the partial type {¢(x,a;;)} <0 being 2-inconsistent (otherwise take a
suitable conjunction of instances of ¢). By 2.2.7, we mas assume that |x| = 1. By fact
6.4.1 the formula ¢ is equivalent to formula ¢(V"x, Vy), where r and s are natural
numbers and v is a L-formula. Replacing a;; with V*(a; ;) and extending the length
of y appropriately, we may assume that s = 1. Thus we fix r and ¥ (xo,...,z,) an
L-formula such that ¢)(V"z,y) has TPy. We may assume that this is the minimal r
with this property. If r = 0, then ¢ is already an L-formula with TP,, witnessed by
the (a;;). Then T has TPy, and we are done. Thus, we will consider the case that
r > 0 for the remainder of the proof. First, using fact 2.2.8, fix an array (a;;), which
is strongly £%-indiscernible.

Then for each i, j,w we consider the sets defined by ¢ and the a;, j:
Xi,j = {(ZL‘07 A 71}) € Kﬂ—l K E w(l’o, - ,ZL‘“CLZ'J} X,g] = {CL’ eK:V'xe Xi,j}

Rephrasing what it means to be a TPy, we have for j # 5’ and all ¢ that XZYJ. mXiVj, =g
and ﬂXivf(i) #0 for all f:w — w. Now let 7: K™ - K" be the projection map onto

the first r coordinates. Using the minimality of r, we can show:

Claim 1. The projection (X, ;) has dimension r for alli,j.
Proof of Claim 1. Suppose m(X; ;) has dimension < r on a particular pair 7, j. Then
we can find a polynomial P(z,...,z,,y) such that P(xo,...,2,,a;;) is non-zero, but

vanishes on 7(X; ;). In particular, we then have that P(V"'z,q;;) =0 forall z € Xi?j'

Thus there exists a rational function @ such that 6"z = Q(V"~'z,V"q; ;) for all the
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\ i r .
z € X;';. Then we can rewrite ¢(V'z,a;;) as

¢(vr—lx’ Q(Vr_lxv Vr&i,j)? ai,j)

in contradiction to r being minimal. O

Then we need to show:

Claim 2. Let f:w — w be an arbitrary function and let n >0, Then the set

T(Xor0) N X5y NN Xt p(n-1))

has dimension r.

Proof of clavm 2. For each 7,j < w we name constants b; ; = (am+k7j+f(k)) and de-
fine formulas 6(x,0;;) = Aken V(V'%, Qpivk jefky)- Then 6 has TPy with the array
(bij)ij<w- Then, by minimality of  and the previous claim, we have that # needs to

have full dimension, thus the claim holds. n

Now back to the main proof. For i and n we set F := 7(X;0n X;1n---nX;,)
and we let Z;,, be the Zariski closure of Fj,. Then of course Zyy2 Zp1 2 Zp22 ....
As the Zariski topology is noetherian, there is a m such that Z;,, = Z;, for all
n >m. Then this Z,, is L(agp, ..., aom)-definable, and we let Z;,, be the respective

L(a;p,.-.,a;,)-definable set using the indiscernibility of the a; ;. In particular
T(Xijo N Xiy 00 Xij,) € Zigm
for i <w and all m < jy < j; <+ < jp. Now let Z be the Zariski closure of w (X, n
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Xij n---nX;j. ). Then we have that Z ¢ Z;,,. If not, the intersection Z n Z,,,
would be a proper closed subset of both Z and Z;,,, with the latter following from
the indiscernibility of (a;;),<«.. However, this intersection would also contain Z; ; ,
contradicting the choice of m.

Furthermore m(X; onX; 1) has dimension < r as otherwise, by the genericity of § we
could find a a € K such that V’a € X, n X, contradicting TPy, i.e. Xxo N Xgl =g
Therefore m > 0 and Z;,, has dimension < r for all 2. Now for ¢,j define ¢;; :=

(ai,(J; <oy Aimy, ai,j+m+1) an the sets
Yi;:= {(wo,...,2,) € Xijme1: T £ Zim}.

Then Y;; is defined by some L-formula x(zo,...,z,,¢;;), and we claim that this
formula has (m+1)-TP,, which means that Y; ;,n---nY; ; =@ foralliand jo < < jp,
and that intersection M, Y i) # @ for all f : w - w. The first part is true by
construction. The second part follows from the dimension arguments above: Let

f:w —w and n be given. Then the projection

T((Yisw) =7 Xipi) N U Zim

<n <n <n

is of dimension r by Claim 2 above. Further, this intersection is non-empty, so
Ni<n Yi,f() # @. Then by [KKS14, Proposition 5.7] T has TPy, as it is witnessed by a

finite conjunction of . m

This proof method can be generalized to similarly defined tree properties, for

example, the antichain tree property, which has many similar properties to TPs.
Theorem 6.4.3 ([KK26, Theorem 3.2]). If T has ATP, then so does T

72


http://www.mcmaster.ca/
https://math.mcmaster.ca/e

PhD Thesis — C. Kesting; McMaster University — Mathematics and Statistics

Proof. Let’s assume that T has ATP. Then using the respective 1-variable Fact 2.2.12
and arguing as before in the TPy case we, we may assume that the ATP is witnessed
by a formula of the form ¢)(V"z,y), where x is unary, ¥ (zo, ..., 2., y) is an L-formula,
r is minimal, and there is a strongly indiscernible set of parameters (a,)pe2<w. As in

the TP, case, we define

X, ={(x0,...,2,) e K" : K e(Xo,..., 2, 0a,)}, Xy ={reK:VzeX,}

for each 1 € 2<“, and let 7 : K™*!1 - K" be the projection on the first r coordinates
again. With the same proof as Claim 1 above, we get that 7(X,) has full dimension

r for all n. For the analogue of Claim 2, we have to actually give an argument.

Claim 1. Let A ¢ 2< be a finite non-empty antichain. Then the set m(Nyea X, has

dimension r.

Proof. Let ve A, for n=(i,...,im1) we define

V= (ig) v (i) TV (i), Ay = (V)AL

So Ay = A and for B ¢ 2<¥ we have that U,.p A, is an antichain if and only if B is

an antichain as well. Then for tuples b, := (a,),ca, the formula

0(x,by) = N\ ¥(V'z,a,)

HeAy

witnesses ATP on the (b,),e2<w. Then by the minimality of  as in the proof of Claim

2 in the TP, case, the statement follows. O
Setting n(0) = (0,...,0) € 2" for n € N and F, := m(N;<y, Xi(0)). Then let Z, be
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the Zariski closure of F,, and take m with Z, = Z,, for all n < m. Then arguing
as before, m > 0 and dim(Z,,) < r. Then n(X,,n---nX, ) < Z, for all m(0) <
Mo <My < -+ <A My, using strong indiscernibility. Then for each v € 2<“, we can define

Cy 1= Ay - - oy m(0), Gy and

Yy = {(Io, cee 7xr) € Xm(O)Al/ : ("L‘Ov cee 7I7"—1) ¢ Zm}

Then Y, is a definable with an L-formula 6(x,...,x,,c,). Now with the same argu-
ment as in 6.4.2 and the analogues of both claims as shown above, it follows that 6
has m-ATP, i.e. N,cqY, # @ for any antichain A and N, Y, = @ for any chain C' of

length m, then by Fact 2.2.11, T" has ATP. m
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Chapter 7

Conclusion

In this thesis, we present a variety of results. We’ll briefly highlight some of them
here and discuss their impact and the new open questions.

From Section 4, we see that the Miller dichotomy continues on, beyond T-convex
structures into those with a monomial group. The corollary 4.2.16 gives a clear
indication that the further model theoretic study of exponential T-convex valued
fields is likely a dead end. Every model-theoretic property that might still hold
in this setting has to also hold in Peano Arithmetic, which is the poster-child for
non-tame theories. On the other hand, however, we have that the powerbounded
case turned out rather fruitful, with results showing quantifier elimination (4.2.5),
distality (4.2.12) and even a description of the definable sets (4.2.11). This maintains
that powerbounded T-convex fields, even with a monomial group, are still tame and
well-behaved objects suitable for further study and modification. In particular, a

question emerging from the description of the definable sets was the following:

Question. Structures in which all unary definable sets are a union of an open set

and finitely many discrete sets are sometimes called d-minimal, though d-minimal

I6)
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structures are often additionally assumed to be definably complete. Our valued field is
not definably complete regarding the order, as the valuation ring is bounded but has no
supremum within the model R. In [Forll1, Section 9], Fornasiero gives a more relaxed
definition of a d-minimal structure which does not include definable completeness. Is

R & Ton d-minimal in this latter sense?

Section 5 proved a negative result. The fact that the unrestricted real j is not
Rexp pfaffian (5.2.17) is a sign that while pfaffian expansions are good candidates for
settings for better point counting bounds, a pfaffian expansion Ry, will not contain

the unrestricted j function.

Question. Is it possible to adapt the proof of better bounds using the methods of
[BNZ24] to an expansion of R containing an unrestricted j as the graph of j is still

definable as a nested Rolle leaf?

In Section 6, we have shown that for éz-fields being algebraically bounded with a
generic derivation and being differentially large coincide. It remains open, if this is
the case for all large fields. Further, we established a method to prove transfer results
for both NTPy and NATP, from an underlying algebraically bounded base field to
one with a generic derivation. This method will likely generalize to further properties

defined through inconsistency patterns.
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